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Abstract—Cell-free systems can effectively eliminate the inter-
cell interference by enabling multiple base stations (BSs) to
cooperatively serve users without cell boundaries at the expense
of high costs of hardware and power sources due to the large-scale
deployment of BSs. To tackle this issue, the low-cost recon-
figurable intelligent surface (RIS) can serve as a promising
technique to improve the energy efficiency of cell-free systems.
In this article, we consider an RIS aided cell-free MIMO system
where multiple RISs are deployed around BSs and users to
create favorable propagation conditions via reconfigurable reflec-
tions in a low-cost way, thereby enhancing cell-free MIMO
communications. To maximize the energy efficiency, a hybrid
beamforming (HBF) scheme consisting of the digital beamform-
ing at BSs and the RIS-based analog beamforming is proposed.
The energy efficiency maximization problem is formulated and an
iterative algorithm is designed to solve this problem. The impact
of the transmit power, the number of RIS, and the RIS size
on energy efficiency are investigated. Both theoretical analysis
and simulation results reveal that the optimal energy efficiency
depends on the numbers of RISs and the RIS size. Numerical
evaluations also show that the proposed system can achieve a
higher energy efficiency than conventional ones.

Index Terms—Reconfigurable intelligent surface, cell-free,
MIMO, hybrid beamforming, energy efficiency.
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I. INTRODUCTION

DURING the past few decades, multiple input and multiple
output (MIMO) has drawn a great attention [1], [2].

However, the performance of multi-cell MIMO systems is
typically limited by inter-cell interference due to the cell-
centric implementation. To address this issue, the concept
of cell-free networks has been proposed as a user-centric
paradigm to enable multiple randomly-distributed base sta-
tions (BSs) without cell boundaries to coordinate with each
other to serve all users in the network simultaneously [3], [4].
Benefited from the distributed deployment of BSs, the diversity
and coverage can be improved by the cell-free networks [5].
Nevertheless, the traditional cell-free system requires a large-
scale deployment of BSs, leading to an unsatisfying energy
efficiency performance due to the high costs of both hardware
and power sources.

To tackle this issue, the reconfigurable intelligent sur-
face (RIS) has emerged as a potential cost-efficient technique
by creating favorable propagation conditions from BSs and
users [6]–[8]. Benefited from a large number of RIS elements
whose phase shifts are controlled by simple programmable
PIN diodes, RISs can reflect signals and generate directional
beams from BSs to users [9], [10]. Unlike large-scale phased
array antennas in the cell-free system enabled by phase shifters
with inevitable power consumption, RIS requires no extra
hardware implementation, such as complex digital phase shift
circuits, thus greatly saving the energy consumption and com-
plexity for signal processing [11]. Hence, compared with the
conventional cell-free systems, a lower level of power con-
sumption is required to achieve the same quality-of-services
(QoS). In other words, RIS provides a new dimension for
cell-free systems to enhance the energy efficiency of the
cell-free systems.

In the literature, several initial works have considered the
sum rate maximization of multi-RIS aided systems [12], [13]
and the multi-cell MIMO systems assisted by one RIS [14].
Energy efficiency is only evaluated in the single-RIS aided
single-cell systems [15]–[18]. In more detail, authors in [12]
proposed a distributed design framework for cooperative
beamforming to maximize the weighted sum rate of a cell-free
system with multiple RISs. In [13], an RIS aided multi-hop
system was investigated and a DRL-based framework was
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proposed for the joint design of digital beamforming matrix
at the BS and continuous analog beamforming matrices at
RISs. In [14], an RIS was utilized to enhance the cell-edge
performance in multi-cell MIMO communication systems.
Both the active precoding at BSs and the phase shifts at the
RIS were jointly optimized to maximize the weighted sum
rate of all users. A more general multi-RIS scenario was also
investigated. In [15], the energy efficiency of the network was
maximized by controlling the phase shifts of a single RIS and
beamforming of the BS. Authors in [18] studied a multi-user
multiple input single output (MISO) system with a single RIS
and developed a joint power allocation and phase shift scheme
design to maximize the system energy efficiency.

However, the above works have not fully exploited the
potential of multiple coordinated RISs which provide a cost-
efficient solution to further improve the energy efficiency of
the conventional cell-free systems. To fill this gap in the liter-
ature, in this article we consider an RIS aided cell-free MIMO
system where multiple BSs and RISs are coordinated to serve
various users. Benefited from the programmable characteris-
tic of RIS elements which mold the wavefronts into desired
shapes, the propagation environment can be reconfigurable in
a low-cost way, thereby enhancing the cell-free MIMO com-
munications. To achieve favorable propagation, it is vitally
important to determine the phase shifts of all RIS elements,
each of which can be viewed as an antenna, inherently capa-
ble of realizing analog beamforming. Since the RISs do not
have any digital processing capability, we consider an HBF
scheme [19] where the digital beamforming is performed at
BSs, and the RIS-based analog beamforming is conducted
at RISs. In such an RIS-aided cell-free system, RISs act as
antenna arrays far away from the BS to achieve a broader cov-
erage in a low-cost way. Moreover, the spatial resource can
be better utilized benefited from the multipath effects, i.e., the
direct and RIS-reflected paths, for each transmitted signal to
improve the energy efficiency performance.

To fully explore how RIS as a cost-efficient technique influ-
ence the energy efficiency of the cell-free system, we aim to
optimize the digital beamformer at BSs and phase shifts of
RISs. Challenges have arisen in such a system. First, unlike
conventional cell-free systems, the propagation environment
is more complicated due to the extra reflected links via RISs.
It is hard to obtain the optimal solution to the joint digital
beamforming at BSs and phase shift configuration of RISs.
Second, compared to single-RIS systems, the dispersed dis-
tribution of multiple RISs brings a new degree of freedom
for energy efficiency maximization. It remains to be explored
how the number of RISs as well as the RIS size influences
the performance of the multi-RIS aided cell-free system.

By addressing the above challenges, we contribute to the
state-of-the-art research in the following ways.

1) We propose an RIS aided cell-free MIMO system where
various users are served by multiple BSs both directly
and assisted by RISs. An HBF scheme consisting of
the digital beamforming at BSs and RIS-based analog
beamforming is designed.

2) An energy efficiency maximization problem for the
HBF scheme is formulated and decomposed into two

subproblems, i.e., the digital beamforming subproblem
and the RIS-based analog beamforming subproblem. An
iterative energy efficiency maximization (EEM) algo-
rithm is proposed to solve them. Moreover, the impact of
the transmit power, the number of RISs, and the size of
each RIS on energy efficiency is analyzed theoretically.

3) Simulation results indicate that the RIS aided cell-
free system has a better energy efficiency performance
compared to traditional ones including conventional dis-
tributed antenna system (DAS), conventional cell-free
system, and the no-RIS case. The impact of the number
of RISs, the size of each RIS, the quantization bits of
discrete phase shifts on energy efficiency is also shown
numerically, which verify our theoretical analysis.

The rest of this article is organized as follows. In Section II,
we provide the system model of the RIS aided cell-free MIMO
system. The RIS reflection model and the channel model
are presented. In Section III, the HBF scheme is proposed
for the RIS aided cell-free system. An energy efficiency
maximization problem is formulated and then decomposed
into two subproblems, i.e., the digital beamforming subprob-
lem and RIS-based analog beamforming subproblem. An EEM
algorithm is designed in Section IV to solve the above sub-
problems iteratively. In Section V, we discuss the influence of
the number of RISs, the size of each RIS, and the transmit
power on energy efficiency theoretically. The complexity and
convergence of the proposed EEM algorithm are also analyzed.
The simulation results are given in Section VI to evaluate the
energy efficiency and sum rate performance to validate our
analysis. Finally, we draw our conclusions in Section VII.

Scalars are denoted by italic letters, vectors and matrices are
denoted by bold-face lower-case and uppercase letters, respec-
tively. a denotes the complex conjugate of a complex scalar
a. The real part and the imaginary part of a are denoted by
Re{s} and Im{s}, respectively. For a complex-valued vector x,
diag(x) denotes a diagonal matrix whose diagonal element is
the corresponding element in x. For a square matrix S, Tr(S)
denotes its trace. For any general matrix M, MH denotes its
conjugate transpose, respectively. I denotes an identity matrix.
In addition, the major notations in Section II and Section III
are summarized in TABLE I.

II. SYSTEM MODEL

In this section, we first introduce an RIS-aided down-
link cell-free MIMO communication system in which multi-
antenna BSs and multiple RISs coordinate to serve various
single-antenna users. The RIS reflection model and the channel
model are then given.

A. Scenario Description

Consider a downlink multi-user system in Fig. 1(a) where
K single-antenna users are served by N BSs each of which
is equipped with Na antennas. To improve the energy effi-
ciency performance, we further consider to deploy M RISs
around these BSs, which passively reflect the signals from BSs
and directly project to users, thereby forming an RIS aided
cell-free MIMO system. These RISs act as antenna arrays
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TABLE I
MAJOR NOTATIONS

Fig. 1. (a) RIS aided cell-free MIMO system; (b) Illustration of one RIS-aided cell in the MIMO system.

far away from the BS to improve the capacity and achieve a
broader coverage in a low-cost way. Moreover, the RIS tech-
nique enables signals to be transmitted via both the direct
and reflected links, and thus, a more diverse transmission is
obtained to improve the performance, and thus enhancing the
cell-free communications.

In such a system, all BSs and RISs are coordinated to
serve all users. A central processing unit (CPU) is deployed
for network control and planning, and decides the transmis-
sion scheduling based on the locations of BSs, RISs, and
users. To characterize the optimal performance of the RIS
aided cell-free MIMO system with discrete phase shifts, with-
out loss of generality [20]–[22], we assume that the channel
state information (CSI) of all channels, i.e., direct channel

between BSs and users and reflected channel via multiple
RISs, is perfectly known at the CPU. The CSI can be obtained
based on the various channel acquisition methods discussed
in [23]–[26]. As shown in Fig. 1(b), after receiving the sig-
nals transmitted from BSs, multiple RISs operating at the same
frequency are employed to reflect these signals to the users
synchronously. Specifically, users receive both the signals
transmitted from BSs directly and various reflection signals
via multiple RISs.

B. RIS Reflection Model

RIS is an artificial thin film of electromagnetic and recon-
figurable materials, consisting of L RIS elements, each of
which is a sub-wavelength meta-material particle connected by
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multiple electrically controllable PIN diodes [27]. Each PIN
diode can be switched ON/OFF based on the applied bias
voltages, thereby manipulating the electromagnetic response
of RIS elements towards incident waves. Benefit from these
built-in programmable elements, RISs serve as low-cost recon-
figurable phased arrays without extra active power sources
which only rely on the combination of multiple programmable
radiating elements to realize a desired transformation on the
transmitted, received, or reflected waves.

By a b-bit re-programmable meta-material, each RIS ele-
ment can be configured into 2b possible amplitudes/phase
shifts to reflect the radio wave. Without loss of generality,
we assume that each RIS element is configured to maximize
the reflected signal, i.e., the amplitude of each element of each
RIS is set as 1 [28], [29]. Let θm,l denote the phase shift of
the l-th RIS element of the m-th RIS, assuming that signals are
reflected ideally without the hardware imperfections such as
non-linearity and noise, the corresponding frequency response
of each RIS element qm,l (1 ≤ m ≤ M, 1 ≤ l ≤ L) can be
expressed by

qm,l = ejθm,l , (1)

θm,l =
im,lπ

2b−1
, im,l ∈

{
0, 1, . . . , 2b − 1

}
. (2)

C. Channel Model

As shown in Fig. 1, each user receives signals from both
N BSs directly and M RISs which reflect the signals sent by
BSs. The channel between each antenna of BS n and each user
k consists of a direct link from BS n to user k and M × L
reflected links since there are M RISs each of which relies
on L elements to reflect the received signals.

Therefore, the equivalent channel H ∈ C
K×NNa can be

given by

H = HD︸︷︷︸
Direct link

+ HH
RU QHBR︸ ︷︷ ︸

Reflected links

, (3)

where HD ∈ C
K×NNa denotes the direct component between

BSs and users, the HH
RU QHBR denotes the reflected links via

M RISs. Specifically, each RIS m reflects incident signal based
on an equivalent ML × ML diagonal phase shift matrix Q
consisting of the phase shifts {qm,l}. HBR ∈ C

ML×NNa

and HH
RU ∈ C

K×ML represent the reflected channel between
BSs and RISs and that between RISs and users, respectively.
We assume that all channels are statistically independent and
follow Rician distribution. Though we consider a downlink
communication system in this article, the results can be easily
extended to an uplink case.

III. HYBRID BEAMFORMING AND PROBLEM

FORMULATION

In this section, we first present an HBF scheme based on the
system model introduced in Section II. An energy efficiency
maximization problem is formulated and decomposed for the
proposed HBF scheme.

A. Hybrid Beamforming Scheme

For each RIS m, L RIS elements can be viewed as antenna
elements far away from the BSs, inherently capable of real-
izing analog beamforming via determining the phase shifts of
all RIS elements. Moreover, BSs are responsible for the signal
processing since RIS elements are passive devices without any
digital processing capacity. To create reflected waves towards
preferable directions to serve multiple users, we present an
HBF scheme for the proposed RIS aided cell-free MIMO
system given the RIS reflection model and the channel model.
Specifically, the digital beamforming is performed at BSs
while the analog beamforming is achieved by these RISs.

1) Digital Beamforming: For K users, BSs encode K dif-
ferent data streams via a digital beamformer VD ∈ C

NNa×K ,
and then up-converts the encoded signals over the carrier
frequency and allocates the transmit powers. We assume that
K ≤ NNa . The users’ signals are sent directly through N BSs
each equipped with Na antennas, which can be given by

x = VD s, (4)

where s ∈ C
K×1 denotes the incident signal vector for K

users.
2) RIS-Based Analog Beamforming: In the RIS aided cell-

free MIMO system, the analog beamforming is achieved by
determining the phase shifts of all RIS elements, i.e., Q.
Specifically, RIS m with L elements performs a linear map-
ping from the incident signal vector to a reflected signal vector.
Therefore, the received signal at user k can be expressed by

zk = HkVD ,k sk +
∑
k ′ �=k

HkVD ,k ′sk ′

︸ ︷︷ ︸
inter−user interference

+ωk , (5)

where ωk ∼ CN (0, σ2) is the additive white Gaussian noise.
Hk and VD ,k denote the k-th row and the k-th column of
matrices H and VD , respectively.

B. Energy Efficiency Maximization Problem Formulation

Based on the RIS reflection model, the channel model, and
the HBF scheme, the data rate of user k can be given by (6),
as shown at the bottom of this page, where HD ,k and HH

RU ,k

denote the k-th rows of matrices HD and HH
RU , respectively.

Rk = log2

(
1 +

|HkVD ,k |2∑
k ′ �=k

∣∣HkVD ,k ′
∣∣2 + σ2

)
= log2

⎛
⎜⎝1 +

∣∣∣HD ,kVD ,k + HH
RU ,kQHBRVD ,k

∣∣∣2

∑
k ′ �=k

∣∣∣HD ,kVD ,k ′ + HH
RU ,kQHBRVD ,k ′

∣∣∣2 + σ2

⎞
⎟⎠ (6)
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The sum rate of all the users can be given by

R =
∑

1≤k≤K

Rk . (7)

Since signals are passively reflected by RISs via controlling
phase shifts of its elements, the power consumption at RISs
only relies on hardware cost which depends on the number of
quantization bits b with no transmit power consumption [18].
Hence, the total power consumption P consists of the transmit
power of BSs, the hardware static power consumption of each
BS P (n)

B , each element l of RIS m with b-bit phase shifts

P (m,b)
R , and each user k P (k)

U , expressed by

P =
N∑
n

(
ωnp(n)

t + P (n)
B

)
+

M ,L∑
m,l

P (m,b)
R +

K∑
k

P (k)
U , (8)

where ωn > 0 is a constant reflecting the power amplifier effi-
ciency, feeder loss and other loss factors due to power supply
and cooling for BS n. p(n)

t = Tr(VH
D ,nVD ,n ) is the trans-

mit power at BS n, where VD ,n denote the n-th block of VD
which represents digital beamformer of the n-th BS.

Therefore, the energy efficiency of the RIS aided cell-free
system can be expressed by [30]

η =
BR
P , (9)

where B denotes the transmission bandwidth.
The energy efficiency maxmization problem can be formu-

lated as

max
VD ,Q

η, (10a)

s.t . p(n)
t ≤ P (n)

T ,∀1 ≤ n ≤ N (10b)

qm,l = ejθm,l , (10c)

θm,l =
im,lπ

2b−1
, im,l ∈

{
0, 1, . . . , 2b − 1

}
, (10d)

where P (n)
T is the transmit power budget available at each BS

n, the digital beamformer VD and phase shift matrix Q are
required to be optimized.

C. Problem Decomposition

The energy efficiency maximization problem (10) is difficult
to solve due to the complicated interference items. Moreover,
it needs to jointly optimize both the digital beamformer and
the RIS-based beamformer where the latter involves a large
number of discrete variables, i.e., the phase shifts of each RIS
element θm,l . To solve this problem efficiently, we decouple
it into two subproblems as shown below.

1) Digital Beamforming Subproblem: Given the fixed RIS-
based beamformer Q, the digital beamforming subproblem can
be formulated by

max
VD

η, (11a)

s.t . p(n)
t ≤ P (n)

T ,∀1 ≤ n ≤ N . (11b)

2) RIS-Based Analog Beamforming Subproblem: Similarly,
the RIS-based analog beamforming subproblem with fixed
digital beamformer VD can be written by

max
Q

η, (12a)

s.t . qm,l = ejθm,l , (12b)

θm,l =
im,lπ

2b−1
, im,l ∈

{
0, 1, . . . , 2b − 1

}
. (12c)

IV. ENERGY EFFICIENCY MAXIMIZATION ALGORITHM

DESIGN

In this section, we develop an EEM algorithm to obtain
a suboptimal solution of the energy efficiency maximization
problem (10) via solving the digital beamforming subproblem
and RIS-based analog beamforming subproblem in an iterative
manner. Finally, we summarize the overall algorithm.

A. Digital Beamforming Design

For the interference management among users, without loss
of generality [18], [31], [32], we consider zero-forcing (ZF)
beamforming with power allocation as the digital beam-
former to achieve a near-optimal solution in MIMO systems.
According to the results in [33], the digital beamformer with
a fixed RIS based analog beamformer can be given as

VD = HH
(
HHH

)−1
P

1
2 = ṼDP

1
2 , (13)

where ṼD = HH (HHH )−1 and P � diag(p1, . . . , pK ) is the
power matrix in which the k-th diagonal element denotes the
transmit power allocated to the signal intended for the k-th
user from all the BSs.

Note that the ZF beamformer has the following properties:
∣∣HkVD ,k

∣∣ =
√

pk ,∣∣HkVD ,k ′
∣∣ = 0,∀k ′ �= k . (14)

For convenience, we assume that each BS has the same
transmit power amplifier efficiency, i.e., ω1 = · · · = ωn = ω.
Based on these properties of ZF beamforming, subprob-
lem (11a) can be reduced to a power allocation problem which
can be given by

max
{pk≥0}

∑K
k=1 log2

(
1 + pkσ−2

)

ω
∑K

k=1 pk + Ps

, (15a)

s.t . Tr
(
P

1
2 ṼH

D ,n ṼD ,nP
1
2

)
≤ P (n)

T ,∀1 ≤ n ≤ N ,

(15b)

where Ps =
∑N

n P (n)
B +

∑M ,L
m,l P (m,b)

R +
∑K

k P (k)
U is the

hardware static power consumption which is independent of
the optimization variables in problem (10), i.e., VD and Q.
ṼD ,n denote the n-th block of ṼD .

Lemma 1: By adopting Benson’s transform method [34],
the energy efficiency maximization problem in (10) is equiv-
alent to

max
{pk≥0}

η(P, y) = 2y

[
K∑

k=1

log2

(
1 + pkσ−2

)] 1
2
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Algorithm 1: Digital Beamforming Design Algorithm
Input: RIS-based beamformer matrix Q
Output: Digital beamformer matrix VD

1 Initialize P to a feasible value;
2 for each iteration do
3 Update y by (17);
4 Update P by solving the convex optimization

problem (16) with fixed y .
5 end
6 Derive the digital beamforming matrix from the optimal

power allocation solution based on (13).

− y2

(
ω

K∑
k=1

pk + Ps

)
, (16a)

s.t . Tr
(
P

1
2 ṼH

D ,n ṼD ,nP
1
2

)
≤ P (n)

T ,∀1 ≤ n ≤ N ,

(16b)

where the optimal y∗ can be obtained based on the results
in [35], expressed by

y∗ =
∑k

k=1 log2

(
1 + pkσ−2

)

ω
∑K

k=1 pk + Ps

(17)

As such, problem (15) is transformed into a convex problem
of P, and thus, the digital beamforming subproblem can
be solved by existing convex optimization techniques. The
algorithm can be summarized in Algorithm 1.

B. RIS-Based Analog Beamforming Design

Note that we optimize the energy efficiency via performing
the digital beamforming and RIS-based analog beamform-
ing iteratively. Based on the designed digital beamforming
as shown in (13), the energy efficiency in (15) depends on
the RIS-based analog beamformer Q only through the power
constraint (15b). Therefore, the RIS-based analog beamform-
ing subproblem can be reformulated as a power minimization
problem, expressed by

min
θm,l

f (Q), (18a)

s.t . qm,l = ejθm,l , (18b)

θm,l =
im,lπ

2b−1
, im,l ∈

{
0, 1, . . . , 2b − 1

}
. (18c)

where

f (Q) = Tr
(
VH

D VD

)
. (19)

However, problem (18a) is still difficult to solve due to the
large-scale of Q. For simplicity, we ignore the items about

direct link HD in f (Q) which is unrelated to the optimization
objective Q. For K = NNa , f (Q) can be rewritten by

f (Q) = Tr
(
VH

D VD

)

= Tr
[(

P− 1
2 HH

RU QHBRHH
BRQH HRU P− 1

2

)−1
]
.

(20)

To obtain the optimal RIS based analog beamforming
matrix Q, the phase shift of each RIS element (m, l) is updated
sequentially in an iterative manner. Therefore, we first separate
the optimization variable qm,l from other fixed elements. For
brevity, we define the index j = (m − 1)L + l , and thus qm,l
is abbreviated to qj . We set the j-th diagonal element of Q
as 0 and use Q(−j ) to denote the new matrix which is a con-
stant. Denote P̃ = P− 1

2 HH
RU , P− 1

2 HH
RU QHBR in f (Q) can be

rewritten as P− 1
2 HH

RU QHBR = P̃Q(−j )HBR+P̃(j )qj H
(j )
BR =

Aj + Bj qj , where Aj = P̃Q(−j )HBR and Bj = P̃(j )H
(j )
BR .

The j-th column and j-th row of P̃ and HBR are represented by
P̃(j ) and H

(j )
BR , respectively. Hence, f (Q) can be rewritten as

f (Q) = Tr
[((

Aj + Bj qj
)(

AH
j + BH

j q j

))−1
]

= Tr
[(

Aj A
H
j + Aj B

H
j q j + Bj qj AH

j

+ Bj qj BH
j q j

)−1
]

= Tr
[(

Dj + Cj q j + CH
j qj

)−1
]
, (21)

where Cj = Aj B
H
j and Dj = Aj A

H
j + Bj B

H
j .

Note that Cj q j and CH
j qj are one-rank matrices and Dj is

a full-rank matrix. Therefore, f (Q) can be rewritten according
to the Sherman Morrison formula [36], i.e., (A + B)−1 =
A−1− A−1BA−1

1+Tr(A−1B)
, expressed by (22), as shown at the bottom

of the page, where (a) is obtained by expanding (Dj +Cj q j )−1

by adopting the Sherman Morrison formula again. a1 ∼ a8 are
defined as in Appendix A and independent of θm,l .

The minimum value of f (Q) can be obtained with respect
to θm,l which satisfies

∂f (Q)
∂θm,l

= 0. (23)

Based on the results in Appendix B, the optimal value of θm,l
can be obtained by

θ∗m,l = 2arctan χ, (24)

where χ is defined as in Appendix B. Since 0 ≤ θm,l ≤ 2π,
only the smaller of the two solutions of arctan χ, i.e., the
solution which is less than π, is taken into account. Moreover,

f (Q) = Tr

⎡
⎣(Dj + Cj q j

)−1 −
(
Dj + Cj q j

)−1
CH

j qj
(
Dj + Cj q j

)−1

1 + Tr
[(

Dj + Cj q j

)−1
CH

j qj
]

⎤
⎦ (a)

=

(
a1e3jθm,l + a2e2jθm,l + a3ejθm,l + a4

a5e3jθm,l + a6e2jθm,l + a7ejθm,l + a8

)

(22)
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Algorithm 2: RIS-Based Analog Beamforming Algorithm

for each iteration do
for J = 1 → M × L do

Calculate χ according to Appendix B;
Obtain θ∗m,l = 2arctan χ;
Quantize θ∗m,l to the nearest points in the feasible
set F ;

Set qm,l = ejθ∗m,l .
end

end

since only a limited number of discrete phase shifts are avail-
able at the RIS-based analog beamforming, the optimal value
θ∗m,l should be quantized to the nearest points in the set

F = { im,lπ

2b−1 }, im,l ∈ {0, 1, . . . , 2b − 1}.
Therefore, starting from a randomly initiated RIS-based

analog beamformer, the optimal Q can be obtained by sequen-
tially updating the phase shift of each RIS element (m, l)
in an iterative manner, until the algorithm converges to a
local minimum of f (Q). The algorithm is summarized in
Algorithm 2.

C. Overall Algorithm Description

In this section, we propose the EEM algorithm to solve the
energy efficiency maximization problem (10) in an iterative
manner. We first design the digital beamforming VD by
Algorithm 1 with fixed RIS-based analog beamforming. Based
on the achieved digital beamforming, the RIS-based analog
beamforming is optimized by Algorithm 2. Let η denote
the objective function of the energy efficiency maximization
problem (10). The EEM algorithm converges if, in the ζ-th
iteration, the value difference of the objective functions
between two adjacent iterations is less than a predefined
threshold ε, i.e., η(ζ) − η(ζ−1) ≤ ε.

V. THEORETICAL ANALYSIS OF RIS AIDED

CELL-FREE SYSTEM

In this section, we first analyze the convergence and com-
putational complexity of the proposed EEM algorithm, then
the impact of the transmit power, number of RISs, and size of
each RIS on the energy efficiency of the RIS aided cell-free
system are explore theoretically.

A. Properties of the Energy Efficiency Maximization
Algorithm

We now analyze the convergence, computational complex-
ity, and feasibility of the EEM algorithm.

1) Convergence: In the ζ-th iteration, by performing
Algorithm 1, a better digital beamforming V

(ζ)
D is achieved

with a fixed RIS-based analog beamforming Q(ζ−1). Hence,
we have

η
(
V

(ζ)
D ,Q(ζ−1)

)
≥ η

(
V

(ζ−1)
D ,Q(ζ−1)

)
. (25)

Similarly, given digital beamforming V
(ζ)
D , the RIS-based

analog beamforming is optimized to maximize the energy
efficiency by Algorithm 2, expressed by

η
(
V

(ζ)
D ,Q(ζ)

)
≥ η

(
V

(ζ)
D ,Q(ζ−1)

)
. (26)

Based on the above inequalities, we can obtain that

η
(
V

(ζ)
D ,Q(ζ)

)
≥ η

(
V

(ζ−1)
D ,Q(ζ−1)

)
. (27)

This indicates that the objective value of problem (10) is non-
decreasing after each iteration, and thus, the proposed EEM
algorithm is guaranteed to converge.

2) Computational Complexity: We now analyze the com-
putational complexity of the proposed EEM algorithm for two
subproblems separately.

• Digital beamforming: According to Algorithm 1, the
received power for each user should be optimized by solv-
ing a convex problem which has a polynomial complexity
in the number of optimization variables, i.e., the number
of users K. Therefore, its computational complexity is
O(K t ), where 1 ≤ t ≤ 4 [37].

• RIS-based analog beamforming: In each iteration, the
phase shift of each RIS element (m, l) is updated
sequentially to obtain the optimal Q according to the
closed-form expression in Algorithm 2 which is unre-
lated to the quantization bits for discrete phase shifts b.
Therefore, the complexity of Algorithm 2 is O(ML) in
each iteration while that of exhaustive search method is
O(2bML).

3) Feasibility: We now analyze the feasibility of the
proposed EEM algorithm.

Lemma 2: The proposed scheme is feasible if rank(HD +
HH

RU HBR) = K .
Proof: To guarantee the proposed hybrid beamforming is

feasible, the (right) pseudo inverse of H must exist to per-
form zero-forcing (ZF) beamforming with power allocation as
the digital beamformer, i.e., VD = HH (HHH )−1P

1
2 . Based

on the results in [38], the channel matrix should satisfy that
rank(HD + HH

RU HBR) = K .

B. Performance Analysis of RIS Aided Cell-Free System

In this part, the impact of the transmit power, number of
RISs, and size of each RIS on the energy efficiency of the
RIS aided cell-free system is analyzed, respectively.

1) Impact of the Transmit Power: As given in the energy
efficiency maximization problem (10), the transmit power is
one of the key optimization variables. In this part, we analyze
the impact of transmit power on energy efficiency in the RIS
aided cell-free system.

Proposition 1: The energy efficiency grows rapidly with a
low transmit power budget available at each BS n, i.e., P (n)

T ,

and gradually flattens as P (n)
T is large enough.

Proof: Based on problem (15), the energy efficiency η at
high-SNR can be rewritten as

η ≈ B
∑K

k=1 log2

(
pkσ−2

)

ω
∑K

k=1 pk + Ps
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(a)≈
B log2

(∑K
k=1 pkσ−2

)

ω
∑K

k=1 pk + Ps

=
log2

(
B
∑K

k=1 pk

)
− B log2

(
σ2
)

ω
∑K

k=1 pk + Ps

, (28)

where (a) is obtained by the property of the logarithmic func-
tion [39]. Hence, the derivative of energy efficiency η with
respect to

∑K
k=1 pk can be given by (29), as shown at the

bottom of the page.
It is easy to find that the denominator is positive. We define

the molecule as h(pk ), when the transmit power tends to zero,
h(pk ) is also positive, expressed by

lim∑K
k=1 pk→0

h(pk ) =
ωB
ln 2

Ps > 0. (30)

The derivative of h(pk ) with respect to
∑K

k=1 pk can be
given by

h ′(pk ) = −ωB log2

∑K
k=1 pk

σ2
, (31)

where log2

∑K
k=1 pk

σ2 is approximately equal to the sum rate
which is positive, thus, h ′(pk ) < 0.

Therefore, the equation ∂η

∂(
∑K

k=1 pk )
= 0 has an unique

solution
∑K

k=1 p∗k , and satisfies that

∂η

∂
(∑K

k=1 pk

)
{

> 0, if
∑K

k=1 pk <
∑K

k=1 p∗k
< 0, if

∑K
k=1 pk >

∑K
k=1 p∗k

(32)

Hence, with a low transmit power budget available at each
BS n, i.e., P (n)

T , the energy efficiency grows with P (n)
T .

However, when P (n)
T is large enough to achieve

∑K
k=1 pk =∑K

k=1 p∗k , each pk is no longer growing as P (n)
T continues

to increase, and thus, the energy efficiency gradually flattens.
This completes the proof.

2) Impact of the Number of RISs: To improve the energy
efficiency performance, multiple RISs are deployed to create
favorable propagation conditions via configurable reflection
from BSs to users to enhance the cell-free communication.
Therefore, it is important to analyze the impact of the number
of RISs on energy efficiency given a fixed total number of
BSs and RISs.

By ignoring the items about direct link HD which is unre-
lated to the number of RISs M, the transmit power allocated
to the signals intended for the user k can be expressed by

pk = |HkVD ,k |2
= VH

D ,kHH
BRQH HRU ,kHH

RU ,kQHBRVD ,k

= VH
D ,kHH

BRQH Tr
(
HH

RU ,kHRU ,k

)
QHBRVD ,k

(a)≈ M 2L2VH
D ,kVD ,k , (33)

where (a) is obtained by the well-known channel hardening
effect in MIMO communication systems [40]. Specifically, as
the number of receive (or transmit) antennas grow large while
keeping the number of transmit (or receive) antennas constant,
the column-vectors (or row-vectors) of the propagation matrix
are asymptotically orthogonal. Hence, we have

lim
M×L→∞

HH
BRHBR ≈ (M × L)I,

lim
M×L→∞

HH
RU HRU ≈ (M × L)I, (34)

where I denotes the identity matrix. Moreover, the phase shift
matrix Q satisfy QQH = I since Q is a diagonal matrix
where the module of each element is 1, i.e., |qm,l | = 1,∀m, l .
Therefore, approximate formula (a) in (33) can be obtained.
Based on (33), we present the following proposition, which
will be proved in Appendix C.

Proposition 2: When a large amount of RIS elements are
deployed to assist the cell-free system, i.e., M × L → ∞, the
energy efficiency decreases as the number of RISs grows.

3) Impact of the Size of Each RIS: Each RIS relies on the
combination of multiple programmable radiating elements to
realize a desired transformation on the transmitted, received,
or reflected waves [11]. We now reveal the impact of the size
of each RIS, i.e., the number of elements of each RIS L, on
the energy efficiency performance.

Lemma 3: The energy efficiency of the RIS aided cell-free
system tends to zero when size of each RIS tends to infinity,
i.e., lim

L→∞
η = 0.

Proof: When the size of each RIS tends to infinity, i.e.,
L → ∞, based on (15) and (33), the energy efficiency η at
high SNR can be rewritten as (35), as shown ath the bottom
of the page.

It is obvious that the energy efficiency tends to zero when
size of each RIS tends to infinity, i.e., lim

L→∞
η = 0.

Based on Lemma 3, we present the following proposition,
which will be proved in Appendix D.

Proposition 3: As the size of each RIS L increases, the
energy efficiency of RIS aided cell-free system increases first
and then gradually drops to zero if Ps

M ·PR
> ln NPT

kσ2 .

VI. SIMULATION RESULTS

In this section, we evaluate our proposed EEM algorithm
for the RIS aided cell-free system in terms of energy effi-
ciency. We show how the energy efficiency is influenced by the
transmit power per BS, the number of RISs, the size of each

∂η

∂
(∑K

k=1 pk

) =
ωB
ln 2Ps + ωB log2 σ2∑K

k=1 pk +
[∑K

k=1 pk −∑K
k=1 pk ln

(∑K
k=1 pk

)]
ωB
ln 2

P2
s
∑K

k=1 pk + 2ωPs

(∑K
k=1 pk

)2
+ ω3

(∑K
k=1 pk

)3
(29)

η ≈
∑K

k=1 log2

(
pkσ−2

)

ω
∑K

k=1 pk + Ps

≈
2BK log2 L + B

∑K
k=1 log2

(
M 2VH

D ,kVD ,kσ−2
)

ωL2
∑K

k=1

(
M 2VH

D ,kVD ,k

)
+ L · MPR + NPB + KPU

(35)
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TABLE II
SIMULATION PARAMETERS

RISs, and the number of quantization bits for discrete phase
shifts. For comparison, the following schemes are considered
as benchmarks.

1) Conventional distributed antenna system [41]: Multiple
distributed antennas are deployed remotely rather than
centrally at the BSs. For a fair comparison, we assume
that the distributed antennas in the DAS and the RIS
elements in the proposed scheme have the same number
and locations since each RIS element can be viewed as
an antenna far away from BSs.

2) No-RIS case: Conventional user-centric wireless com-
munication networks without RISs. K single-antenna
users are served by N BSs simultaneously.

3) Conventional cell-free system [3], [4]: Conventional
cell-free communication networks without RISs.
Different from the no-RIS case, we replace all RISs by
BSs, i.e., the number of BSs is set as N + M.

4) Random Phase Shift Algorithm: The phase shift of each
RIS element is selected randomly from the feasible
set F .

5) Exhaustive Search Algorithm: We consider the exhaus-
tive search as an upper bound to evaluate the energy
efficiency of the EEM algorithm where the phase shifts
of each RIS element are selected by traversing the
feasible set F .

For the propagations, we use the UMa path loss model
in [42] as the distance-dependent channel path loss model.
BSs and RISs are uniformly distributed in circles around the
users within a radius of 150 m. Users are uniformly dis-
tributed in the circle of radius 20 m. The distance between two
adjacent antennas at the BS is 1 m. For small-scale fading,
we assume the Rician fading channel model for all chan-
nels involved. Simulation parameters are set up based on the
existing works [18], [20], [39], [43], as given in TABLE II.

A. Comparison With Benchmarks

Fig. 2 shows the energy efficiency of the RIS aided cell-free
MIMO system versus the transmit power per BS PT , obtained
by different algorithms with 3 RISs (i.e., M = 3). Each RIS

Fig. 2. Energy efficiency vs. transmit power per BS of different schemes
with M = 3, L = 64, and b = 3.

consists of 64 elements (i.e., L = 64), the number of quanti-
zation bits for discrete phase shifts b is set as 3. We observe
that the energy efficiency of different systems grows rapidly
with a low transmit power per BS PT and gradually flattens
as PT continues to increase, as proved in Proposition 1.

It can be seen that the proposed EEM algorithm achieves
a better energy efficiency performance than the random phase
shift algorithm and performs very close to that of the exhaus-
tive search algorithm. Compared with the no-RIS case, we
observe that these RISs deployed in the cell-free system can
effectively improve the energy efficiency of the multi-user
communication system, even with random-phase-shift RISs.
Compared with the conventional DAS, it can be observed
that the energy efficiency performance is improved in the RIS
aided cell-free system since signals are transmitted via a larger
number of independent paths (i.e., the direct and reflected
links), implying that the spatial resources are better utilized.
However, with a low transmit power per BS PT , the energy
efficiency of conventional cell-free systems is higher than that
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Fig. 3. Energy efficiency vs. number of RISs M for different number of
quantization bits b (PT = 30 dBm).

of the proposed scheme. This is because conventional cell-free
systems provide more transmit power by more BSs, thereby
achieving a higher sum rate which is the main impact factor
of the energy efficiency when the total transmit power budget
available at all BSs is very low. When the transmit power per
BS is larger than 10 dBm, the hardware static power consump-
tion becomes one of the dominant items of energy efficiency,
and thus, our proposed system can achieve a better energy
efficiency performance than the conventional cell-free systems.

B. Impact of Number of RISs

To fully explore how RISs as cost-efficient devices influence
the energy efficiency of the cell-free system, we evaluate the
performance with different number of RISs given a fixed total
number of BSs and RISs, i.e., N0 = N + M is a constant.
Specifically, Fig. 3 shows the energy efficiency vs. the number
of RISs M with N0 = 10, PT = 30 dBm, L = 64, and different
number of quantization bits b, and the conventional DAS is
considered as the benchmark. As the quantization bits of RISs
b increases, the hardware static power consumption of each
RIS increases, as given in TABLE II.

It can be seen that the energy efficiency increases with the
number RISs M for a small-scale deployment of RISs. This
figure also implies that both the slope and value of energy
efficiency vs. the number of deployed RISs decrease with the
quantization bits of RISs b since the higher resolution of RISs
brings a significantly higher hardware static power consump-
tion. As the number of RISs M continues to increase, i.e.,
M × L → ∞, the energy efficiency decreases as proved in
Proposition 2. The optimal number of deployed RISs M shows
up at a smaller value with a higher level quantization bits of
RISs b, especially with the continuous phase shifts, due to
the higher energy consumption. For the continuous case, the
energy efficiency decreases when more BSs are replaced by
RISs due to its high hardware static power consumption and
passive character.

Fig. 4. Energy efficiency vs. size of RISs L for different number of
RISs M (PT =30 dBm).

Compared with the conventional DAS, it can be observed
that the proposed scheme achieves a better energy efficiency
performance with different RISs, and the optimal M shows up
at a larger value. This is because that signals are transmitted
via both the direct and reflected links, implying that the spatial
resources are better utilized. Moreover, the lower hardware
static power consumption of RISs brings another dimension
to enhance the energy efficiency performance.

C. Impact of Size of Each RIS

Fig. 4 shows the impact of the RIS size L on the energy
efficiency performance with PT = 30 dBm and b = 3. It can
be seen that the RIS aided cell-free system achieves a better
energy efficiency performance than the conventional DAS with
different size of RISs. We can also observe that as the number
of elements of each RIS increases, the energy efficiency first
increases and then decreases since the hardware static power
consumption of each RIS increases with the number of ele-
ments in each RIS L, which verifies our theoretical analysis
in the Proposition 3. The optimal RIS size L shows up at a
smaller value when more RISs are deployed in the cell-free
system.

Fig. 5 depicts the sum rate versus the size of each RIS L
with different number of RISs in the cell-free system. The
transmit power per BS PT is set as 30 dBm and the number
of quantization bits for discrete phase shift b is set as 3. As
the number of elements of each RIS increases, the sum rate
grows and gradually converges to a stable value. Moreover,
when the number of RISs grows, the gap between the curves
obtained with different size of each RIS shrinks since a larger
scale of RIS deployment usually provides more freedom of
generating directional beams.

D. Convergence Speed

Fig. 6 shows the energy efficiency vs. number of iterations
for different sizes of each RIS. The transmit power per BS
PT is set as 30 dBm and the number of quantization bits
for discrete phase shifts b is set as 3. It can be observed
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Fig. 5. Sum rate vs. size of RISs L for different number of
RISs M (PT = 30 dBm).

Fig. 6. Number of iterations to converge given different RIS
sizes (PT = 30 dBm).

that the convergence speed slows down when the size of each
RIS L grows since more variables need to be optimized. We
observe that the algorithm can converge within 12 iterations
for most cases. Therefore, the convergence analysis provided
in Section V-A is verified, and the complexity is low enough
to be acceptable.

VII. CONCLUSION

In this article, we considered an RIS aided cell-free MIMO
system where several BSs are coordinated to serve various
users with the assisting of multiple RISs. To maximize the
energy efficiency, we have proposed an HBF scheme where
the digital beamforming and the RIS-based analog beam-
forming are performed at BSs and RISs, respectively. The
energy efficiency maximization problem has been formulated
and solved by our proposed EEM algorithm in an iterative
manner. Simulation results show that, with the same transmit
power in the entire system, the RIS aided cell-free system

TABLE III
DEFINITION OF a1 ∼ a8

achieves better energy efficiency performance compared with
the conventional ones.

Three remarks can be drawn from both theoretical analysis
and numerical results, providing insights for the design of RIS
aided cell-free systems.

• The energy efficiency increases rapidly with the transmit
power of each BS PT and gradually flattens when PT
is large enough.

• The energy efficiency increases with the number RISs M
for a small-scale deployment of RISs, and then decreases
as M continues to increase, indicating that there exists
an optimal number of deployed RISs to maximize the
energy efficiency.

• With the size of each RIS increases, the energy efficiency
first increases and then decreases while the sum rate
grows and gradually converges to a stable value, indicat-
ing that there exists a trade-off between energy efficiency
and sum rate determined by the size of each RIS.

APPENDIX A
DEFINITION OF a1 ∼ a8 IN (22)

The details of a1 ∼ a8 are defined in TABLE III, where
E1 = eig(Aj ), E2 = Tr(D−2

j Cj ), E3 = Tr(D−1
j Cj ), E4 =

Tr(D−2
j CH

j ), E5 = Tr(D−2
j Cj D

−1
j CH

j + D−1
j Cj D

−2
j CH

j ),
E6 = Tr[(D−1

j Cj D
−1
j )2CH

j ], E7 = Tr(D−1
j Cj D

−1
j CH

j ), and

E8 = Tr(D−1
j CH

j ).

APPENDIX B
DERIVATION OF χ IN (24)

Let ∂f (Q)
∂θm,l

= 0, through simplification, we have

b1e2jθm,l + b2ejθm,l + b3 + b4e−jθm,l + b5e−2jθm,l = 0,

(36)

where b1 = j (a1a6 − a2a5), b2 = 2j (a1a7 − a3a5), b3 =
j (3a1a8 + a2a7 − a3a6 − 3a4a5), b4 = 2j (a2a8 − a4a6),
and b5 = j (a3a8 − a4a7). According to the Euler’s formula
and the auxiliary Angle formula, this equation can be rewrit-
ten as (37), as shown at the bottom of the next page, where
tan γ1 = Im{b5−b1}

Re{b1+b5} and tan γ2 = Im{b4−b2}
Re{b2+b4} . After expand-

ing the expression to the left of the equals by sinα =
2 tan α

2

1+tan2 α
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and sin(α+β) = sin α cos β +cos α sin β, (37) can be rewrit-
ten as a quartic equation of one unknown, i.e., tan θm,l

2 , which
can be easily solved. The solution of the equation is denoted
by χ.

APPENDIX C
PROOF OF PROPOSITION 2

Based on (15), the energy efficiency η at high SNR can be
rewritten as (38), as shown at the bottom of the page. where
N0 is the total number of BSs and RISs, i.e., N0 = N + M .

Therefore, the derivative of energy efficiency η with respect
to the number of RISs M can be given by (39), as shown
at the bottom of the page where c1 = 2BK

ln 2 , c2 =
B
∑K

k=1 log2(L2VH
D ,kVD ,kσ−2), c3 = ωL2Tr(VH

D VD ),
c4 = LPR − PB , and c5 = KPU + N0PB . The denomi-
nator can be rewritten as (M

3
2 c4 + M

1
2 c5 + M

5
2 c3)2 which

is positive.
We now prove the molecule of (39) is negative. Through

simplification, the molecule can be rewritten as (40), as shown
at the bottom of the page, where the term 3© is obvious non-
positive. The valuence of term 1© and 2© are proved as follows.

A. Proof of 1© < 0

The term 1© can be negative if c1 < c2. According to
Jensen’s inequality [44], we have (41), as shown at the bottom
of the page.

Consider a high-SNR case, K log2 K is small enough to
ignore compared to the terms in the left side which are equiv-
alent to the sum rate in a cell-free system with 1 RIS. Hence,
c2 can be rewritten as

c2 = B
K∑

k=1

log2

(
L2VH

D ,kVD ,kσ−2
)

≈ B log2

(
L2Tr

(
VH

D VD

)
σ−2

)
. (42)

Let c1 < c2, we have

2BK
ln 2

< BK log2

[
L2Tr

(
VH

D VD

)
σ2

]
(43)

Through simplification, it can be given as

L2Tr
(
VH

D VD

)
σ2

> e2 (44)

where e is Euler number, Tr(VH
D VD )σ−2 can be considered

as a value greater than 1 when the SNR is high. Since each RIS
relies on the combination of multiple programmable radiating
elements to realize signal reflection, in general, the number of
elements of each RIS L is larger than e. Therefore, c1 < c2

holds, and thus, term 1© is negative.

B. Proof of 2© < 0

Based on the assumption in Proposition 2, i.e., M × L→ ∞,
we have

KPU + NPB < ωM 2L2Tr
(
VH

D VD

)
. (45)

Specifically, c5 < M 2c3 holds. Multiply both sides by c1, we
have c1c5 < M 2c1c3. Based on the result in Appendix C-A,
M 2c1c3 < M 2c2c3, and thus, c1c5 < M 2c2c3. Therefore,
term 2© is negative.

APPENDIX D
PROOF OF PROPOSITION 3

When the size of each RIS tends to 1, i.e., L → 1, the SNR
at user k can be expressed by

SNRk =
|HkVD ,k |2∑K

k=1 |HkVD ,k |2 + σ2

(a)
= |HkVD ,k |2/σ2

=
M∑

m=1

L∑
l=1

hm,l ,khH
m,l ,kVH

D ,kVD ,k/σ2

= MLE

[
hm,l ,khH

m,l ,k

]
VH

D ,kVD ,k/σ2

= MLak , (46)

where ak = E[hm,l ,khH
m,l ,k ]VH

D ,kVD ,k/σ2 and hm,l ,k is the
channel between the BSs to user k via the l-th element of RIS
m. (a) is obtained by the properties of ZF beamformer as given
in (14).

√
Re{b1 + b5}2 + Im{b5 − b1}2 sin

(
2θm,l + γ1

)
+
√

Re{b2 + b4}2 + Im{b4 − b2}2 sin
(
θm,l + γ2

)
= 0 (37)

η ≈
∑K

k=1 log2

(
pkσ−2

)

ω
∑K

k=1 pk + Ps

=
2BK log2 M + B

∑K
k=1 log2

(
L2VH

D ,kVD ,kσ−2
)

ωM 2
∑K

k=1

(
L2VH

D ,kVD ,k

)
+ M · LPR + (N0 − M )PB + KPU

(38)

∂η

∂M
=

c1c5 + Mc1c4 − M lnMc1c4 − Mc2c4 + M 2c1c3 − 2M 2 lnMc1c3 − 2M 2c2c3

Mc2
5 + (2M 2c4 + 2M 3c3)c5 + M 3c2

4 + 2M 4c3c4 + M 5c2
3

(39)

(c1 − c2)
(
Mc1c4 + M 2c3

)
︸ ︷︷ ︸

1©
+ c1c5 − M 2c2c3︸ ︷︷ ︸

2©
+ (−M lnM (c1c4 + 2Mc1c3))︸ ︷︷ ︸

3©
(40)

log2

(
L2Tr

(
VH

D VD

)
σ−2

)
−

K∑
k=1

log2

(
L2VH

D ,kVD ,kσ−2
)
≤ K log2 K (41)
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∂η

∂L
=

B
ln 2

(
ω
∑K

k=1 pk + KPU + NPB

)
+
[
(L − L lnL) B

ln 2 − LB log2

(
M
K ω

∑K
k=1 ak

)]
MPR

L
(
ω
∑K

k=1 pk + KPU + NPB

)2
+ 2L2MPR

(
ω
∑K

k=1 pk + KPU + NPB

)
+ L3M 2P2

R

(48)

According to the property of the logarithmic function [39],
we have E[ log2(1+SNRk )] ≈ log2(1+E[SNRk ]), the energy
efficiency can be rewritten as

η =
BR
P =

B
∑K

k=1 log2(1 + MLak )

ω
∑K

k=1 pk + MLPR + kPU + NPB

≈
B log2

(
1 +

∑K
k=1 ak

K

)

ω
∑K

k=1 pk + MLPR + kPU + NPB

. (47)

Therefore, the derivative of energy efficiency η with respect
to the size of each RIS L can be given by (48), as shown at
the top of the page.

Obviously, the denominator is positive. We define the
molecule as g(L), let g(L) > 0, we have

ω

K∑
k=1

pk + Ps > ln

(
M
K

K∑
k=1

ak

)
MPR (49)

where the left side is not less than Ps and the right side is
not larger than ln(NPT

σ2 ) · MPR . Therefore, when the RIS

aided cell-free system satisfies that Ps
M ·PR

> ln NPT
kσ2 , we

have g(L) > 0.
Based on Lemma 3, the energy efficiency of RIS aided cell-

free system increases when the size of each RIS L is small,
and then gradually drops to zero if Ps

M ·PR
> ln NPT

kσ2 .
This completes the proof.
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