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Abstract— Reconfigurable intelligent surfaces (RISs) have
drawn considerable attention from the research community
recently. RISs create favorable propagation conditions by con-
trolling the phase shifts of reflected waves at the surface, thereby
enhancing wireless transmissions. In this paper, we study a
downlink multi-user system where the transmission from a multi-
antenna base station (BS) to various users is achieved by an RIS
reflecting the incident signals of the BS towards the users. Unlike
most existing works, we consider the practical case where only
a limited number of discrete phase shifts can be realized by a
finite-sized RIS. A hybrid beamforming scheme is proposed and
the sum-rate maximization problem is formulated. Specifically,
continuous digital beamforming and discrete RIS-based analog
beamforming are performed at the BS and the RIS, respectively,
and an iterative algorithm is designed to solve this problem. Both
theoretical analysis and numerical validations show that the RIS-
based system can achieve good sum-rate performance by setting
a reasonable size of the RIS and a small number of discrete
phase shifts.
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I. INTRODUCTION

THE past decade has witnessed an enormous increase
in the number of mobile devices [1], triggering urgent

needs for high-speed and seamless data services in future
wireless systems. To meet such demands, one fundamental
issue is how to improve the link quality in the complicated
time-varying wireless environments involving unpredictable
fading and strong shadowing effects. Various technologies
have been developed such as relaying [2] and massive mul-
tiple input and multiple output (MIMO) systems [3], aiming
to actively strengthen the target signals by forwarding and
taking advantage of multi-path effects, respectively. However,
these techniques require extra hardware implementation with
inevitable power consumption and high complexity for signal
processing, and the quality of service is also not always
guaranteed in harsh propagation environments.

A more recently proposed technology involves recon-
figurable intelligent surfaces (RISs), which are an ultra-
thin surfaces inlaid with multiple sub-wavelength scatters,
i.e., RIS elements, whose electromagnetic response (such as
phase shifts) can be controlled by simple programmable PIN
diodes [6]. Based on the ON/OFF functions of PIN diodes,
only a limited number of discrete phases shifts can be achieved
by an RIS [7]. Instead of scattered waves emanated from
traditional antennas, the sub-wavelength separation between
adjacent RIS elements enables the refracted and reflected
waves to be generated via superposition of incident waves at
the surface [8]. Benefitting from such a programmable charac-
teristic of molding the wavefronts into desired shapes, the RIS
serves as a part of reconfigurable propagation environment
such that the received signals are directly reflected towards
the receivers without any extra cost of power sources or hard-
ware [9], thereby improving the link quality and coverage.

To exploit the potential of RIS techniques, many existing
works have considered the RIS as a reflection-type sur-
face deployed between sources and destinations in either
point-to-point communications [5], [10]–[12] or multi-user
(MU) systems [13]–[17]. In [11], a point-to-point RIS-assisted
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multi-input single-out system has been investigated where the
beamformer at the transmitter and continuous phase shifts
of the RIS are jointly optimized to maximize the sum rate.
In [15], a channel estimation protocol has been proposed for
a multi-user RIS-assisted system and the continuous phase
shifts have been designed to maximize the minimum user
date. In [16], the authors have minimized the transmit power
of the access point by optimizing the continuous digital
beamforming and discrete phase shifts. An algorithm has been
designed for the single-user case and extended to the multi-
user case. In [17], the authors have considered a downlink RIS-
based multi-user MISO network and studied the joint active
and passive beamforming problem to maximize the weighted
sum rate. An iterative algorithm has been designed for the
continuous phase shift case, which can also be extended to
the discrete case.

However, two major issues still remain to be further
discussed in the open literature.

• For the multi-user case, how can the limited discrete
phase shifts be determined directly such that the inter-
user interference can be eliminated? How does the quan-
tization level influence the sum rate of the system?

• Considering the strengthened coupling between propaga-
tion and discrete phase shifts brought by the dominant
reflection ray via the RIS, how do we design the size of
RIS and perform beamforming in a multi-antenna system
to achieve the maximum sum rate?

To address the above issues, in this paper, we consider a
downlink multi-user multi-antenna system where the direct
links between the multi-antenna base station (BS) and users
suffer from deep shadowing. To provide high-quality data
services, an RIS with limited discrete phase shifts is deployed
between the BS and users such that the signals sent by the
BS are reflected by the RIS towards the users. To achieve
better directional reflection rays, it is vitally important to
determine the phase shifts of all RIS elements, the process
of which is also known as RIS configuration. Such a built-
in programmable configuration [5] is actually equivalent to
analog beamforming, realized by the RIS inherently. Since the
RIS elements do not have any digital processing capability,
we consider hybrid beamforming (HBF) [19] consisting of
digital beamforming at the BS and RIS configuration based
analog beamforming. A novel HBF scheme for RIS-based
communications with discrete phase shifts is thus required
for better shaping the propagation environment and sum rate
maximization.

Designing an HBF scheme presents several major chal-
lenges. First, the reflection-dominated propagation [20] and
the RIS configuration based analog beamforming are coupled,
rendering the optimal scheme very hard to obtain. The tradi-
tional beamforming schemes with separate channel matrix and
analog beamformer do not work any more. Second, requiring
the RIS to have discrete phase shifts renders the sum rate
maximization as a mixed integer programming problem, which
is non-trivial to solve especially in the complex domain. Third,
given the dense placing of the RIS elements, the correlation
between elements may degrade the data rate performance.

Thus, it is necessary to explore how the achievable rate is
influenced by the size of the RIS, which is challenging due
to the complicated propagation environments especially in a
multi-user case.

Through solving the above challenges, we aim to design
an HBF scheme for the RIS-based multi-user system with
limited discrete phase shifts to maximize the sum rate. Our
main contributions can be summarized as follows.

• We consider a downlink RIS-based multi-user system
where an RIS with limited discrete phase shifts reflects
signals from the BS towards various users. We design an
HBF scheme where digital beamforming is performed at
the BS, and analog beamforming is conducted at the RIS.

• A mixed-integer sum rate maximization problem for
RIS-based HBF is formulated and decomposed into two
subproblems. We propose an iterative algorithm in which
the digital beamforming subproblem is solved by zero-
forcing (ZF) beamforming with power allocation and the
RIS-based analog beamforming is solved by the outer
approximation.

• We prove that the proposed RIS-based HBF scheme can
save as many as half of the radio frequency (RF) chains
compared to traditional HBF schemes. Extending from
our theoretical analysis on the pure Line-of-Sight (LoS)
case, we reveal the influence of the size of the RIS and
the number of discrete phase shifts on the sum rate both
theoretically and numerically.

The rest of this paper is organized as follows. In Section II,
we introduce the system model of the downlink RIS-based
MU multi-antenna system. The frequency-response model of
the RIS and the channel model are derived. In Section III,
the HBF scheme for the RIS-based system is proposed. A sum
rate maximization problem is formulated and decomposed into
two subproblems: digital beamforming and RIS configuration
based analog beamforming. An iterative algorithm is devel-
oped in Section IV to solve the above two subproblems and
a sub-optimal solution is obtained. In Section V, we compare
the RIS-based HBF scheme with the traditional one theoreti-
cally, and discuss how to achieve the maximum sum rate in
the pure LoS case. The complexity and convergence of the
proposed algorithm are also analyzed. Numerical results in
Section VI evaluate the performance of the proposed algorithm
and validate our analysis. Finally, conclusions are drawn
in Section VII.

Notation: Scalars are denoted by italic letters, vectors and
matrices are denoted by bold-face lower-case and uppercase
letters, respectively. For a complex-valued vector x, ‖x‖
denotes its Euclidean norm, and diag(x) denotes a diagonal
matrix whose diagonal element is the corresponding element
in x. For a square matrix S, Tr(S) denotes its trace. For
any general matrix M , MH and MT denote its conjugate
transpose and transpose, respectively. I, 0, and 1 denote an
identity matrix, all-zero and all-one vectors, respectively.

II. SYSTEM MODEL

In this section, we first introduce the RIS-based downlink
multi-user multi-antenna system in which a BS with multiple
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Fig. 1. System model of the RIS-based downlink multi-user communication
system.

antennas serves various single-antenna users via the RIS such
that the propagation environment can be pre-designed and
configured to optimize the system performance. The discrete
phase shift model of the RIS and the channel model are then
constructed, respectively.

A. Scenario Description

Consider a downlink multi-user communication system as
shown in Fig. 1 where a BS equipped with Nt antennas
transmits to K single-antenna users. Due to the complicated
and dynamic wireless environment involving unexpected fad-
ing and potential obstacles, the BS - user link may not be
stable enough or even be in outage. To alleviate this issue,
we consider to deploy an RIS between the BS and users, which
reflects the signals from the BS and directly projects to the
users by actively shaping the propagation environment into a
desirable form.

An RIS consists of NR × NR electrically controlled RIS
elements as shown in Fig. 1, each of which is a sub-wavelength
meta-material particle with very small features. An RIS con-
troller, equipped with several PIN diodes, can control the
ON/OFF state of the connection between adjacent metal plates
where the RIS elements are laid, thereby manipulating the
electromagnetic response of the RIS elements towards incident
waves. Due to these built-in programmable elements, the RIS
requires no extra active power sources nor do not have any
signal processing capability such as decoding [5]. In other
words, it serves as a low-cost reconfigurable phased array
that only relies on the combination of multiple programmable
radiating elements to realize a desired transformation on the
transmitted, received, or reflected waves [9].

B. Reconfigurable Intelligent Surface With
Limited Discrete Phase Shifts

As shown in Fig. 2, the RIS is achieved by the b-bit
re-programmable meta-material, which has been implemented
as a set of radiative elements layered on a guiding structure
following the wave guide techniques, forming a 2-dimensional
(2D) planar antenna array [7]. Being a miniature radiative ele-
ment, the field radiated from the RIS element has a phase and
amplitude determined by this element’s polarizability, which

Fig. 2. Schematic structure of b-bit encoded RIS.

can be tuned by the RIS controller via multiple PIN diodes
(ON/OFF) [5]. However, the phase and amplitude introduced
by an RIS element are not generated randomly; instead they
are constrained by the Lorentzian resonance response [4],
which greatly limits the range of phase values. Based on
such constraints, one common manner of implementation is to
constrain the amplitude and sample the phase values from the
finite feasible set [4] such that the voltage-controlled diodes
can easily manipulate a discrete set of phase values at a very
low cost.

Specifically, we assume that each RIS element is encoded
by the controller (e.g., via PIN diodes) to conduct 2b possible
phase shifts to reflect the radio wave. Due to the frequency-
selective nature of the meta-materials, these elements only
vibrate in resonance with the incoming waves over a narrow
band centering at the resonance frequency. Without loss of
generality, we denote the frequency response of each element
(l1, l2) at the l1-th row and l2-th column of the 2D RIS within
the considered frequency range as ql1,l2 , 0 ≤ l1, l2 ≤ NR − 1.
Since the RIS is b-bit controllable, 2b possible configuration
modes (i.e., phases) of each ql1,l2 can be defined according to
the Lorentzian resonance response [4].

ql1,l2 =
j + ejθl1,l2

2
, θl1,l2 =

ml1,l2π

2b−1
,

ml1,l2 ∈ {
0, 1, . . . , 2b − 1

}
, 0 ≤ l1, l2 ≤ NR − 1, (1)

where θl1,l2 denotes the phase shift of RIS element (l1, l2).
For convenience, we refer to b as the number of quantization
bits.

C. Reflection-Dominated Channel Model

In this subsection, we model the channel between antenna
0 ≤ n ≤ Nt − 1 of the BS and user k. Benefited from the
directional reflections of the RIS, the BS - RIS - user link is
usually stronger than other multipaths as well as the degraded
direct link between the BS and the user [18]. Therefore,
we model the channel between the BS and each user k as
a Rician model such that the BS - RIS - user link acts
as the dominant “LoS” component and all the other paths
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together form the “non-LoS (NLoS)” component. We denote
the channel between BS antenna 1 ≤ n ≤ Nt and user k via
RIS element (l1, l2) as

h̃
(k,n)
l1,l2

=
√

κ

1 + κ
h

(k,n)
l1,l2

+

√
1

1 + κ
h

(k,n)
NLOS,(l1,l2)

, (2)

where κ is the Rician factor, h
(k,n)
l1,l2

is the “LoS” component,

and h
(k,n)
NLOS,(l1,l2)

is the “NLoS” component.

Let D
(n)
l1,l2

and d
(k)
l1,l2

denote the distance between antenna
n and RIS element (l1, l2), and that between user k and RIS
element (l1, l2), respectively. The channel h

(k,n)
l1,l2

between each
BS antenna 1 ≤ n ≤ Nt and user k via RIS element (l1, l2)
is given by [20]

h
(k,n)
l1,l2

=
(
D

(n)
l1,l2

· d(k)
l1,l2

)−α

· e−j 2π
λ

�
D

(n)
l1,l2

+d
(k)
l1,l2

�
(3a)

=
[(

D
(n)
l1,l2

)−α

· e−j 2π
λ D

(n)
l1,l2

]
·
[(

d
(k)
l1,l2

)−α

· e−j 2π
λ d

(k)
l1,l2

]
(3b)

= h
(n)
l1,l2

· h(k)
l1,l2

(3c)

where α is the path loss parameter. We use h
(n)
l1,l2

and h
(k)
l1,l2

to denote the channel between BS antenna n and RIS element
(l1, l2), and that between RIS element (l1, l2) and user k,
respectively. Similarly, we have

h
(k,n)
NLOS,(l1,l2)

= PL
(
D

(n)
l1,l2

, d
(k)
l1,l2

)
ĥ

(k,n)
l1,l2

(4)

where PL (·) is the path loss model for NLoS transmis-
sions, and ĥ

(k,n)
l1,l2

∼ CN (0, 1) denotes the small-scale NLoS
component. Here we assume that the perfect channel state
information is known to the BS via communicating with the
RIS controller over a dedicated wireless link. A number of
channel estimation methods can be found in [15], [16], which
is out of the scope of this paper. For the case where channel
information is partially known to the BS, i.e., only large-
scale fading 1 is available, we will consider the pure LoS
transmission and discuss it in detail in Section V.

Geometric Model of the Propagation: We now derive the
above distances D

(n)
l1,l2

and d
(k)
l1,l2

by using the geometry
information [21], [22]. Without loss of generality, we assume
that the uniform planar arrays (UPA) and uniform linear arrays
(ULA) are deployed at the RIS and the BS, respectively. The
UPA is placed in a way that the surface is perpendicular to
the ground. To describe the geometry of the above mentioned
UPA and ULA, we employ the spherical coordinates as shown
in Fig. 3. For the RIS, we define the local origin as the higher
corner of the surface; while for the BS, its local origin is set
as one end of the linear array. The y axis is set along the
direction of BS antenna 0 - element (0, 0) link, and the z axis
is perpendicular to the ground. For convenience, the directions

1The large-scale fading information is related to positions of users (assuming
that the position of the RIS is known to the BS). Various estimation techniques
can be utilized such as GPS and multi-BS triangular positioning. For example,
the BS can utilize the received pilot signals from the users to locate them based
on the signal strength, the power of which is usually larger than that of data
transmissions.

Fig. 3. Placement of the antenna arrays at the BS and the RIS.

of the ULA and RIS on the x-y plane can be depicted by the
angles θB ∈ [0, 2π] and θR ∈ [0, 2π], respectively, as shown
in Fig. 3. We can then define the principle directions of the
linear antenna arrays at the BS and the RIS, denoted by nB

and
{

n(1)
R , n(2)

R

}
, as

nB = nx cos θB + ny sin θB, (5a)

n(1)
R = nx cos θR + ny sin θR, (5b)

n(2)
R = nz, (5c)

where nx, ny , and nz are directions of the x, y, and z axis,
respectively.

We denote the uniform separation between any two adjacent
elements in the above defined ULA and UPA as dB and{
d
(1)
R , d

(2)
R

}
, respectively. The position of any antenna n at

the BS can be represented by

c(n)
B = ndBnB, (6)

and the position of any RIS element (l1, l2) can be given by

c(l1,l2)
R = l1d

(1)
R n(1)

R + l2d
(2)
R n(2)

R + D
(0)
0,0ny. (7)

Based on (5) - (7), the distance between antenna n and RIS
element (l1, l2), i.e., D

(n)
l1,l2

, can be calculated as, (8a)–(8c)
shown at the bottom of the next page, where (8c), as shown at
the bottom of the next page, is obtained by adopting

√
1 + a ≈

1 + a/2 when a � 1. Denote the position of each user k as
ck = (dx,k, dy,k, dz,k). The distance between the RIS element
and any user k can be expressed by

d
(k)
l1,l2

=
∥∥∥c(l1,l2)

R − ck

∥∥∥
2
. (9)

Since the distance between any two antennas or RIS ele-
ments is much smaller than the distance between the BS and
the user, i.e., min

{
D

(n)
l1,l2

, d
(k)
l1,l2

}
	 max

{
d
(1)
R , d

(2)
R , dB

}
,

we assume that the path loss of each BS-user link via dif-
ferent RIS elements and BS antennas is the same. Therefore,
the channel propagation h

(n)
l1,l2

and h
(k)
l1,l2

can be rewritten as

h
(n)
l1,l2

=
(
D

(0)
0,0

)−α

· e−j 2π
λ D

(n)
l1,l2 , (10a)

h
(k)
l1,l2

=
(
d
(k)
0,0

)−α

· e−j 2π
λ d

(k)
l1,l2 , (10b)

where D
(n)
l1,l2

and d
(k)
l1,l2

are given in (8) and (9).
Based on the propagation characteristics introduced above,

we will investigate how RIS can be utilized to assist multi-user
transmissions in the following section.
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Fig. 4. Block diagram of the RIS-based transmission between the BS and user k.

III. RIS-BASED HYBRID BEAMFORMING

AND PROBLEM FORMULATION FOR

MULTI-USER COMMUNICATIONS

Note that the RIS usually consists of a large number of RIS
elements, which can be viewed as antenna elements fay away
from the BS, inherently capable of realizing analog beam-
forming via RIS configuration. However, these RIS elements
do not have any digital processing capacity, requiring signal
processing to be carried out at the BS.

In this section, to realize reflected waves towards preferable
directions, we present an HBF scheme for RIS-based multi-
user communications given the phase shift model and the chan-
nel model of RIS-based transmissions in Section II. As shown
in Fig. 4, the digital beamforming is performed at the BS
while the analog beamforming is achieved by the RIS with
discrete phase shifts. Based on the considered HBF scheme,
we formulate a sum rate maximization problem, and then
decompose it into the digital beamforming subproblem and
the RIS configuration based analog beamforming subproblem.

A. Hybrid Beamforming Scheme

1) Digital Beamforming at the BS: The BS first encodes K
different data steams via a digital beamformer, VD , of size
Nt ×K , satisfying Nt ≥ K . After up-converting the encoded
signal over the carrier frequency and allocating the transmit
powers, the BS sends users’ signals directly through Nt

antennas. Denote the intended signal vector for K users as
s ∈ CK×1. The transmitted signals of the BS can be given by

x = VDs. (11)

2) RIS Configuration Based Analog Beamforming: After
travelling through the reflection-dominated channel introduced

in Section II-C, the received signal at the antenna of user k
can then be expressed as

zk =
∑

n

∑
l1,l2

φ
(k,n)
l1,l2

h
(k,n)
l1,l2

ql1,l2VDk,n
sk

+
∑
k �=k′

∑
n

∑
l1,l2

φ
(k,n)
l1,l2

h
(k,n)
l1,l2

ql1,l2VDk′,n
sk′ + wk, (12)

where wk ∼ CN (
0, σ2

)
is the additive white Gaussian noise

and VDk,n
denotes the k-th element in row n of matrix VD.

In (12), φ
(k,n)
l1,l2

denotes the reflection co-efficient of the RIS
element (l1, l2) with respect to the transmitting antenna n
and user k. In practice, it is a function of the incidence
and reflection angels, but here without loss of generality we
assume that φ

(k,n)
l1,l2

= φ(k), ∀n, l1, l2. We ignore the coupling
between any two RIS elements here for simplicity, and thus the
received signal of each user k comes from the accumulated
radiations of all RIS elements, as shown in (12). This is a
common assumption widely used in the literature on both
meta-surfaces [4] and traditional antenna arrays [23].

3) Received Signal at the User: For each user k, after
it receives the signal zk, it down converts the signal to
the baseband and then recovers the final signal. The whole
transmission model of K users can be formulated by

z = FVDs + w, (13)

where w = [w1, · · · , wK ]T is the noise vector. The transmis-
sion matrix F in (13) is of size K×Nt, in which each element
fk,n is defined as

fk,n = Tr
(
φ(k)QT H(k,n)

)
, (14)

where Q is a NR × NR matrix consisting of the phase
shifts {ql1,l2}, and H(k,n) is the NR × NR channel matrix
between each BS antenna n and user k, consisting of
elements

{
h

(k,n)
l1,l2

}
.

D
(n)
l1,l2

=
∥∥∥c(l1,l2)

R − c(n)
B

∥∥∥
2

(8a)

=
[(

l1d
(1)
R cos θR − ndB cos θB

)2

+
(
l1d

(1)
R sin θR + D

(0)
0,0 − ndB sin θB

)2

+
(
l2d

(2)
R

)2
] 1

2

(8b)

≈
(
l1d

(1)
R sin θR + D

(0)
0,0 − ndB sin θB

)
+

(
l1d

(1)
R cos θR − ndB cos θB

)2

+
(
l2d

(2)
R

)2

2D0
0,0

, (8c)
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B. Sum Rate Maximization Problem Formulation

To explore how the HBF design influences the sum-rate
performance, we evaluate the achievable data rates of all users
in the RIS-based system. Based on (12) and (13), we first
rewrite the received signal of user k in matrix form as

zk = FH
k VD,ksk +

∑
k′ �=k

FH
k VD,k′sk′

︸ ︷︷ ︸
inter-user interference

+wk, (15)

where Fk and VD,k denote the k-th columns of matrices F
and VD, respectively. The achievable rate of user k can then
be given by

Rk = log2

⎛
⎜⎜⎝1 +

∣∣FH
k VD,k

∣∣2∑
k′ �=k

∣∣FH
k VD,k′

∣∣2 + σ2

⎞
⎟⎟⎠ . (16)

We aim to maximize the achievable rates of all users by opti-
mizing the digital beamformer VD and the RIS configuration
{ql1,l2}, as formulated below:

maximize
VD ,{ql1,l2}

∑
1≤k≤K

Rk (17a)

subject to Tr
(
VH

DVD

) ≤ PT , (17b)

ql1,l2 =
j + ejθl1,l2

2
, 0 ≤ l1, l2 ≤ NR − 1,

(17c)

θl1,l2 =
ml1,l2π

2b−1
, ml1,l2 ∈ {

0, 1, . . . , 2b − 1
}

,

(17d)

where PT is the total transmit power of the BS.

C. Problem Decomposition

Note that problem (17) is a mixed integer non-convex
optimization problem which is very challenging due to the
large number of discrete variables {ql1,l2} as well as the
coupling between propagation and RIS configuration based
analog beamforming. Traditional analog beamforming design
methods with finite resolution phase shifters [19] may not fit
well since it is non-trivial to decouple the transmission matrix
F into the product of a channel matrix and a beamformer
matrix in our case. To solve this problem efficiently, we decou-
ple it into two subproblems as shown below.

1) Digital Beamforming: Given RIS configuration {ql1,l2},
the digital beamforming subproblem can be written by

maximize
VD

∑
1≤k≤K

Rk, (18a)

subject to Tr
(
VH

DVD

) ≤ PT , (18b)

where F is fixed.
2) RIS Configuration Based Analog Beamforming: Based

on constraint (17c), the RIS configuration subproblem with
fixed beamformer VD is equivalent to

maximize
{θl1,l2}

∑
1≤k≤K

Rk, (19a)

subject to θl1,l2 =
ml1,l2π

2b−1
, ml1,l2 ∈ {

0, 1, . . . , 2b − 1
}

.

(19b)

In the next section, we will design two algorithms to solve
these subproblems, respectively.

IV. SUM RATE MAXIMIZATION ALGORITHM DESIGN

In this section, we will develop a sum rate maximiza-
tion (SRM) algorithm to obtain a suboptimal solution of
problem (17) in Section III. Specially, we iteratively solve
subproblem (18) given RIS configuration {ql1,l2}, and solve
subproblem (19) given beamformer VD . Finally, we will
summarize the overall algorithm and provide convergence and
complexity analysis.

A. Digital Beamforming Algorithm

Subproblem (18) is a well-known digital beamforming
problem. According to the results in [24], the ZF digital
beamformer can obtain a near optimal solution. Therefore,
we consider ZF beamforming together with power allocation
as the beamformer at the BS to alleviate the interference
among users. 2 Based on the results in [25], the beamformer
can be given by

VD = F H(FF H)−1P
1
2 = ṼDP

1
2 , (20)

where ṼD = F H(FF H)−1 and P is a diagonal matrix whose
k-th diagonal element is the received power at the k-th user,
i.e., pk.

In the ZF beamforming, we have the following constraints:

|F H
k (VD)k| =

√
pk,

|F H
k (VD)k′ | = 0, ∀k′ �= k. (21)

With these constraints, subproblem (18) can be reduced to the
following power allocation problem:

max
{pk≥0}

∑
1≤k≤K

log2

(
1 +

pk

σ2

)
, (22a)

subject to Tr
(
P

1
2 Ṽ H

D ṼDP
1
2

)
≤ PT . (22b)

The optimal solution of this problem can be obtained by
water-filling [26] as

pk =
1
νk

max
{

1
μ
− νkσ2, 0

}
, (23)

where νk is the k-th diagonal element of Ṽ H
D ṼD and μ is a

normalized factor which is selected such that
∑

1≤k≤K

max{ 1
μ−

νkσ2, 0} = PT . The algorithm can be summarized
in Algorithm 1.

2Here we consider ZF as a feasible solution with very low complexity, which
is suitable for large-scale antenna systems in practice. Moreover, the outcome
(i.e., the obtained data rate) of the ZF method is only related to the RIS-
based analog beamforming via the power constraint in the original problem,
which efficiently eliminates the interference. Other techniques for digital
beamforming can also be utilized and do not influence the insights obtained
in our work.
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Algorithm 1 Digital Beamforming Algorithm
1: Solve power allocation problem (22);
2: Obtain the optimal power allocation result (23);
3: Derive the beamformer matrix from the optimal power

allocation based on (20);

B. RIS Configuration Based Analog Beamforming Algorithm

Since we iterate between the digital beamforming and RIS
configuration based analog beamforming, the latter can be
optimized assuming ZF precoding as shown in (20). Since
the data rate with ZF precoding in (22) only depends on the
RIS configuration through the power constraint (22b), the RIS
configuration based analog beamforming problem can be refor-
mulated as a power minimization problem:

min
θl1,l2

f(F ), (24a)

subject to θl1,l2 =
ml1,l2π

2b−1
, ml1,l2 ∈ {0, 1, . . . , 2b − 1},

(24b)

where

f(F ) = Tr(ṼDPṼ H
D ) = Tr(P

1
2 Ṽ H

D ṼDP
1
2 )

= Tr((F̃ F̃ H)−1). (25)

Here, F̃ = P− 1
2 F .

Since F̃ F̃ H is a symmetric, positive semi-definite matrix,
we can transform this problem into a semi-definite pro-
gramming (SDP) problem. Let Tr((F̃ F̃ H)−1) = Tr( w

K IK).
According to Schur complement [28], the problem can be
rewritten by

min
θl1,l2 ,w

w, (26a)

subject to Z =
[

w
K IK IK

IK F̃ F̃ H

]
 0, (26b)

θl1,l2 =
ml1,l2π

2b−1
, ml1,l2 ∈ {0, 1, . . . , 2b − 1},

(26c)

where X  0 means that matrix X is a symmetric and positive
semi-definite matrix. The equivalence between problems (24)
and (26) is proved in Appendix A.

Remark on the tractability of the formulated problem: This
problem is a mix-integer SDP, which is generally NP-hard.
Moreover, any two discrete variables {θl1,l2} are coupled with
each other via constraint (26b), which makes the problem
even more complicated. One commonly used solution is to
first relax the discrete variables into continuous ones and then
round the obtained solution to satisfy the discrete constraints.
However, for the RIS-based systems, the typical value of the
number of quantization bits is usually very small (e.g., 2 or 3)
such that the round-off methods will lead to inevitable perfor-
mance degrade.

To avoid the above issue, we consider to solve the SDP
discretely. In the following, we first present the following
Proposition 1 to transform the nonlinear functions in (26) with
respect to θl1,l2 into linear ones, as proved in Appendix B.

We then use the outer approximation method [29] to solve
this problem.

Proposition 1: Let

a =
[
− (2b − 1)π

2b−1
, . . . ,− mπ

2b−1
, . . . ,

mπ

2B−1
, . . . ,

(2b − 1)π
2b−1

]
,

c =
[
cos

(
− (2b − 1)π

2b−1

)
, . . . , cos

(
− mπ

2b−1

)
, . . . ,

cos
( mπ

2b−1

)
, . . . , cos

(
(2b − 1)π

2b−1

)]
,

s =
[
sin

(
− (2b − 1)π

2b−1

)
, . . . , sin

(
− mπ

2b−1

)
, . . . ,

sin
( mπ

2b−1

)
, . . . , sin

(
(2b − 1)π

2b−1

)]
.

We introduce a 0-1 binary vector xl1,l2 of length 2(b+1) − 1,
where xl1,l2

i indicates whether θl1,l2 = ai, and a binary
vector yl1,l2,l1

′,l2′
of length 2(b+1) − 1 for phase difference

Δθl1,l2,l1′,l2′ = θl1,l2 − θl1′,l2′ . Therefore, problem (26) can
be rewritten by

min
xl1,l2 ,yl1,l2,l1′,l2′

,w
w, (27a)

subject to Z =
[

w
K IK IK

IK F̃ F̃ H

]
 0, (27b)

‖xl1,l2‖1 = 1, eT xl1,l2 = 0, (27c)

aT (xl1,l2 − xl1
′,l2′

) = aT yl1,l2,l1
′,l2′

.

(27d)

Here, e is a constant vector whose first 2B − 1 elements are
1 and others are 0.

Problem (27) is a mix-integer SDP with linear constraints,
which can be solved by the outer approximation method. The
basic idea of the outer approximation method is to enforce
the SDP constraint via linear cuts and transform the original
problem into a mix-integer linear programming one, which
can be solved by the branch-and-bound (B&B) algorithm [30].
In the following, we will elaborate on how to enforce the SDP
constraints via linear cuts.

Assume that a solution is w̄, x̄l1,l2 , ȳl1,l2,l1
′,l2′

. In most mix-
integer programming problems, it is very common to use the
gradient cuts to approach the feasible set. However, the func-
tion of smallest eigenvalues is not always differentiable.
Therefore, we use the characterization instead [29]. Note that
Z  0 is equivalent to uT Zu ≥ 0 for arbitrary u. If Z with
w̄, x̄l1,l2 , ȳl1,l2,l1

′,l2′
is not positive semi-definite, we compute

eigenvector u associated with the smallest eigenvalue. Then

uT Zu ≥ 0 (28)

is a valid cut that cuts off w̄, x̄l1,l2 , ȳl1,l2,l1
′,l2′

. The RIS
configuration based analog beamforming algorithm can be
summarized in Algorithm 2.

Note that the outer approximation method might involve
exponential complexity due to the B&B procedures. We also
propose a sub-optimal algorithm to solve subproblem (24)
based on discrete alternative optimization. Specifically,
we select NR × NR − 1 phase shifts and fix them in each
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Algorithm 2 RIS Configuration Based Analog Beamforming
Algorithm
1: Remove the semi-definite constraint of problem (27) and

solve an initial solution;
2: repeat
3: Use the branch-and-bound method to solve problem (27)

and obtain the optimal solution xl1,l2 for each RIS
element;

4: Check the feasibility;
5: If the obtained solution is not feasible, add a cut

according to (28);
6: until The obtained solution is feasible;
7: Derive the phase shits according to the obtained solution.

iteration such that the optimal solution of the remaining
discrete phase shift ql1,l2 can be found by traversing constr-
aint (26c), i.e.,

q∗l1,l2 = arg min
ql1,l2

f(F ). (29)

We keep updating the phase shifts repeatedly until
convergence.

C. Overall Algorithm Description

Based on the results presented in the previous two subsec-
tions, we propose an overall iterative algorithm, i.e., the SRM
algorithm, for solving the original problem in an iterative man-
ner. Specially, the beamformer VD is solved by Algorithm 1
while keeping the RIS configuration fixed. After obtaining
the results, we will optimize the RIS configuration θl1,l2

by either Algorithm 2 or the ODS-based algorithm. Those
obtained results are set as the initial solution for subsequent
iterations. Define R as the value of the objective function. The
two subproblems will be solved alternatively until in iteration
t the value difference of the objective functions between
two adjacent iterations is less than a predefined threshold π,
i.e., R(t+1) − R(t) ≤ π.

D. Convergence and Complexity Analysis

We now analyze the convergence and complexity of our
proposed SRM algorithm (B&B adopted).

1) Convergence: First, according to Algorithm 1, in the dig-
ital beaforming subproblem, we can obtain a better result given
RIS configuration θ(t) in the (t + 1)-th iteration. Therefore,
we have

R(V (t+1)
D , θ(t)) ≥ R(V (t)

D , θ(t)). (30)

Second, given the beamforming result V
(t+1)

D , we maximize
sum rate of all users, and thus, the following inequality holds:

R(V (t+1)
D , Q(t+1)) ≥ R(V (t+1)

D , θ(t)). (31)

Based the above inequalities, we can obtain

R(V (t+1)
D , θ(t+1)) ≥ R(V (t)

D , Q(t)). (32)

which implies that the objective value of the original problem
is non-decreasing after each iteration of the SRM algorithm.

Since the objective value is upper bounded, the proposed SRM
algorithm is guaranteed to converge.

2) Complexity: We consider the complexity of the proposed
algorithms for two subproblems separately.

• In the digital beamforming subproblem, we need to
optimize the received power for each user according
to (23). Therefore, its computational complexity is O(K).

• In the RIS configuration based analog beamforming sub-
problem, we analyze the complexity of two algorithms.
For the optimal Algorithm 2, we solve a series of linear
programs by the branch-and-bound method. Since only
one element in xl1,l2 can be 1, xl1,l2 can have at most
2b possible solutions. Thus, the scale of the computational
complexity of each linear program is O(2bN2

R). For the
sub-optimal discrete alternative optimization algorithm,
a number of iterations is required for convergence, each of
which has a complexity of O(2bN2

R). Since the type value
of b, i.e., the number of quantification bits, is usually
within the range of 2 ∼ 5, the complexity of each
iteration is low enough.

V. PERFORMANCE ANALYSIS OF RIS-BASED

MULTI-USER COMMUNICATIONS

In this section, we compare the RIS-based HBF scheme
with the traditional ones in terms of the minimum number
of required RF chains. A special case, i.e., the pure LoS
transmission, is also considered to explore theoretically how
the size of the RIS and its placement influence the achievable
rates.

A. Comparison With Traditional Hybrid Beamforming

We adopt the fully digital beamforming scheme as a
benchmark to compare the traditional and RIS-based HBF
schemes. In the traditional HBF, it has already been proved that
when the number of RF chains is not smaller than twice the
number of target data streams, any fully digital beamforming
matrix can be realized [19]. However, in the RIS-based HBF,
the inherent analog beamforming (i.e., the RIS configura-
tion) is closely coupled with propagation, which offers more
freedom for shaping the propagation environment than the
traditional scheme. To capture this characteristic, we explore
a new condition for the RIS-based system to achieve fully
digital beamforming.

We start by describing the fully digital beamforming scheme
in an RIS-based system. Consider an ideal case where each
RIS element directly connects with an RF chain and ADC as
if it is part of the BS. 3 The fully digital beamformer can then
be denoted by VFD ∈ N2

R×K , based on which we present the
following proposition, which will be proved in Appendix C.

Proposition 2: For the RIS-based HBF scheme with N2
R ≥

KNt, to achieve any fully digital beamforming scheme,
the number of transmit antennas at the BS should not be
smaller than the number of single-antenna users, i.e., Nt ≥ K .

3In practice, the RIS does not connect to the RF chain directly unless it
is installed at the BS, which is not the truth in our case where RIS actually
only reflects signals. Therefore, we only consider such an ideal scheme as a
benchmark to evaluate the effectiveness of RIS-based HBF.
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This implies two conditions for the proposed RIS-based
scheme to achieve the fully digial beamforming scheme. First,
the size of the RIS should be no smaller than the product of
the number of users and the size of the antenna array at the
BS. Second, the number of transmit antennas at the BS should
be no smaller than the number of single-antenna users.

Remark on dedicated hardware reduction for analog beam-
forming: In the traditional HBF, to offload part of the digital
baseband processing to the analog domain, a number of RF
chains are required at the BS to feed the analog beamformer,
equipped with necessary hardwares such as mixers, filters, and
phase shifters [31]. In contrast, as shown in Proposition 2,
the number of minimum RF chains required by the RIS-based
HBF to achieve the fully digial beamforming has already been
reduced by half compared to the traditional scheme. Moreover,
the phase shifters can be saved since the RIS inherently
realizes analog beamforming owing to its flexible physical
structure [32].

B. Special Case: Pure Line-of-Sight Transmissions

We consider the data rate obtained by the pure LoS case as
a lower bound of the achievable rate and analyze optimal RIS
placement to provide orthogonal communication links. The
LoS case also reveals insights on how the achievable data rate
is influenced by RIS design and placement.

Since a multitude of RIS elements are placed in a sub-
wavelength order, spacial correlation between these elements
are inevitable. In this case, the channel matrix F approaches
a low-rank matrix, leading to a degraded performance in
terms of the achievable data rate. Traditionally, we can utilize
the multi-path effect to decorrelate different channel links
between the transceiver antennas. However, it is also impor-
tant to understand how the system works in the pure LoS
case, especially when it comes to the RIS-based systems
where the reflection-based link between the BS and users
acts as the dominated “LoS” component and is usually much
stronger than other multi-paths as well as the degraded direct
links.

In the pure LoS case, we aim to achieve a high-rank LoS
channel matrix by designing the size of the RIS and the
antenna array at the BS. Different from those existing works
on antenna array design for LoS MIMO systems, the discrete
phase shifts depicted by {ql1,l2} needs to be considered in
the RIS-based propagation. We thus present the results in
Proposition 3 below, which is proved in Appendix D.

Proposition 3: In the RIS-based system, to make different
links between the BS and user k via the RIS orthogonal to each
other, the RIS design should satisfy the following conditions:

d
(1)
R dB =

λD
(0)
0,0

NR cos θR cos θB
, (33a)

NR−1∑
l2=0

(1 + sin θl1,l2)

=
NR−1∑
l2=0

(
1 + sin θl′1,l2

)
, ∀l1, l

′
1 ≤ NR − 1. (33b)

This proposition shows that the achievable data rate is
highly related to the size of the RIS and its placement. For
convenience, when all other parameters are fixed, we refer to
the threshold of the RIS size as

N th
R =

λD
(0)
0,0

d
(1)
R dB cos θR cos θB

. (34)

For the pure LoS case, the sum rate maximization problem
can still be formulated as (17) with one extra constraint (33b).
Our proposed SRM algorithm can be utilized to solve this
problem after we convert the extra constraint (33b) into a
linear one shown below by following the transformations in
Proposition 1, i.e.,

Nr−1∑
l2=0

(xl1,l2 − xl1
′,l2)sT = 0. (35)

VI. SIMULATION RESULTS

In this section, we evaluate the performance of our proposed
algorithm for RIS-based HBF in terms of the sum rate.
We show how the system performance is influenced by the
SNR, number of users, the size of the RIS, and the number
of quantization bits for discrete phase shifts. For comparison,
the following algorithms are performed as well.

• Simulated annealing: We utilize the simulated annealing
method [33] to approach the global optimal solution of
the sum rate maximization problem with discrete phase
shifts. The maximum number of iterations is set as 107.

• Pure LoS case: We consider the pure LoS case as a lower
bound to evaluate the performance of the HBF scheme.
The proposed iterative SRM algorithm can still be utilized
to solve the corresponding optimization problem .

• Random phase shift: Algorithm 1 is first performed,
followed by a random algorithm to solve the RIS-based
analog beamforming subproblem (19).

• RIS-based HBF with continuous phase shifts: This
scheme only serves as a benchmark when we investigate
how the discreteness level (i.e., the number of quan-
tization bits, b) influences the sum rate. The discrete
constraint in the original subproblem (19) is relaxed to
θl1,l2 ∈ [0, 2π]. The HBF solution is obtained by itera-
tively performing Algorithm 1 and the gradient descent
method.

• Relaxation-based optimization [16]: To solve the RIS-
based analog beamforming subproblem, the discrete
phase shifts are first relaxed to continuous ones and the
alternative optimization is then performed, followed by
rounding off the outcome to discrete ones.

In our simulation, we set the distance between the BS and
the RIS, D

(0)
0,0, as 20m, and users are randomly deployed within

a half circle of radius 60m centering at the RIS. The antenna
array at the BS and the RIS are placed at angles of 15◦ and 30◦

to the x axis, respectively. The transmit power of the BS PT is
20 W, the carrier frequency is 5.9 GHz, the antenna separation
at the BS dB is 1 m, the RIS element separation dR is 0.03 m,
and the Rician fading parameter κ is 4 [34]. For convenience,
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Fig. 5. Sum rate v.s. SNR (K = Nt = 5, b = 2, NR = 3).

Fig. 6. Sum rate v.s. size of RIS NR (SNR = 2dB, K = Nt = 5, b = 2).

the path loss factors of both LoS and NLoS links are the same,
i.e., α = 2. We set the size of the RIS N2

R ranging between
52 ∼ 652, the number of antennas at the BS Nt and the number
of users K between 5 ∼ 15, the discreteness level of RIS b
between 1 ∼ 5, and the SNR (defined as PT /σ2) between
−2 dB ∼ 10 dB. Specifically, for the LoS case, given the
above parameters the designing rule in (33a) is only satisfied
when the size of RIS is set as 40.

Fig. 5 shows the sum rate of all users versus SNR, obtained
by different algorithms with an RIS of size 3×3 (i.e., NR = 3),
b = 2 quantization bits for phase shifts, equal number of
transmit antennas at the BS and the downlink users. The
sum rate increases with SNR since more power resources are
allocated by the BS. We observe that the performance of our
proposed B&B based algorithm (i.e., Algorithm 2) is close to
that of the simulated annealing method and much better than
both the random algorithm and the proposed discrete alter-
native optimization algorithm. Moreover, both our proposed
algorithms outperform the benchmark, i.e., the relaxation-
based algorithm, since the rounding-off in the benchmark may
lead to some performance loss. This indicates the efficiency of
our proposed algorithms to solve the RIS-based HBF problem.

Fig. 6 shows the sum rate of all users versus the size
of the RIS4 with b = 2, Nt = K = 5. The suboptimal

4For convenience, here we adopt NR to represent the size of RIS to better
display the curves.

Fig. 7. Sum rate v.s. number of quantization bits b (SNR = 2dB,
K = Nt = 5, NR = 40).

discrete iterative optimization is adopted for RIS-based analog
beamforming. We observe that the sum rate grows rapidly
with a small size of RIS and gradually flattens as the size
of RIS continues to increase. 5 The inflection point of each
curve shows up around NR = 40, which verifies the threshold
(34) given by Proposition 3 very well. When the RIS size
NR exceeds 40, though Proposition 3 does not hold, the sum
rate does not drop since the RIS can always turn off those
extra RIS elements to maintain the sum-rate performance. This
figure also implies that though Proposition 3 is obtained in the
pure LoS case, it also sheds insight into the RIS placement and
array design in a more general case with small-scale fading.

Moreover, Fig. 6 also shows that the performance of RIS-
based beamforming with small-scale fading is much better
than that of the pure LoS case when the size of the RIS
is small. Such a gain comes from the reduced correlation
between different channel links owing to multi-path effects.
As the size of the RIS grows, Proposition 3 is satisfied such
that the channel links in the pure LoS case are orthogonalized,
making the gap between these two cases smaller.

Fig. 7 depicts the sum rate of all users versus the number
of quantization bits b for discrete phase shifts in RIS con-
figuration with SNR = 2 dB, Nt = K = 5, and NR = 40.
Considering the complexity of algorithms, we adopt the pro-
posed discrete alternative optimization algorithm for RIS-
based analog beamforming to obtain a sub-optimal solution.
As the number of quantization bits increases, the sum rate
obtained by our proposed algorithm with discrete phase shifts
approaches that in the continuous case. When the size of RIS
grows, the gap between the discrete and continuous cases
shrinks since a larger RIS usually provides more freedom of
generating directional beams. Note that the implementation
difficulty increases dramatically in practice with the number
of quantization bits. We remark that a small number of discrete
phase shifts (e.g., 2 ∼ 3 quantification bits) is already enough
to obtain a satisfying performance.

Denote the number of iterations (i.e., the number of linear
integer programs) required for Algorithm 2 to converge as Y .

5We do not show the simulated annealing algorithm in this figure due to its
high complexity with a large RIS.
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Fig. 8. C.D.F. of the number of iterations to converge for Algorithm 2
(K = Nt = 5 and b = 2).

Fig. 8 shows the cumulative distribution function (C.D.F.) of Y
v.s. Y for different RIS sizes with SNR = 2 dB, Nt = K = 5,
and b = 2. We observe that the convergence speed grows
faster when the RIS size becomes smaller. The algorithm
can converge within 10 iterations for most cases, e.g., only
6 iterations are enough for 90% cases to converge when the
RIS size is 4 ×4.

VII. CONCLUSION AND DISCUSSION

In this paper, we have studied an RIS-based downlink
multi-user multi-antenna system in the absence of direct links
between the BS and users. The BS transmits signals to users
via the reflection-based RIS with limited discrete phase shifts.
Considering the close coupling between channel propagation
and the RIS configuration pattern selection, we have carried
out an HBF scheme for sum rate maximization. Continuous
digital beamforming has been performed at the BS and discrete
analog beamforming has been achieved inherently at the RIS
via configuration pattern selection. The sum rate maximization
problem has been decomposed into two subproblems and
solved iteratively by our proposed SRM algorithm.

Three remarks can be drawn from the theoretical analysis
and numerical results, providing insights for RIS-based system
design.

• The sum rate of the RIS-based system with discrete
phase shifts increases rapidly when the number of quan-
tization bits b is small, and gradually approaches the
sum rate achieved in the continuous case if b is large
enough.

• The sum rate increases with the size of the RIS and
converges to a stable value as the size of the RIS grows
to reach the threshold determined by Proposition 3.

• The minimum number of transmit antennas at the BS
required to achieve any fully digital beamforming scheme
is only half of that in traditional HBF schemes, implying
that the RIS-based HBF scheme can greatly reduce the
cost of dedicated hardware.

The above observations indicate that when designing RIS-
based systems, a moderate sized RIS and a very small number

of quantization bits are enough to achieve a satisfactory sum
rate at low cost.

APPENDIX A
PROOF OF EQUIVALENCE BETWEEN

PROBLEMS (24) AND (26)

We let Tr((F̃ F̃ H)−1) = Tr( w
K IK) and then prove that

minimizing Tr((F̃ F̃ H)−1) is equivalent to minimizing w.
Inspired by Schur complement, we construct a new matrix

Z =
[

w
K IK IK

IK F̃ F̃ H

]
. (36)

Since Z is symmetric and F̃ F̃ H is invertible, we have

Z  0 ⇐⇒ F̃ F̃ H  0 and
(
F̃ F̃ H

)−1

� w

K
IK . (37)

Therefore, we have

Tr((F̃ F̃ H)−1) ≤ Tr(
w

K
IK) = w. (38)

This completes the proof.

APPENDIX B
PROOF OF PROPOSITION 1

We first rewrite F as

F =
∑
l1,l2

ql1,l2Gl1,l2 , (39)

where Gl1,l2 =
[
θ(1)h

(1)
l1,l2

, · · · , θ(K)h
(K)
l1,l2

]T

and h
(k)
l1,l2

=[
h

(k,1)
l1,l2

, · · · , h
(k,NT )
l1,l2

]
. We then have

F̃ F̃ H

= P− 1
2

∑
l1,l2

ql1,l2Gl1,l2

∑
l′1,l′2

qH
l′1,l′2

GH
l1′,l2′P− 1

2

=
∑
l1,l2

ql1,l2

∑
l′1,l2′

qH
l′1,l′2

P− 1
2 Gl1,l2G

H
l′1,l′2

P− 1
2

=
∑
l1,l2

∑
l′1,l′2

(j + ejθl1,l2 )(−j + e
−jθl′1,l′2 )

4
Al1,l2,l′1,l′2

=
∑
l1,l2

∑
l′1,l′2

Al1,l2,l′1,l′2
4

(
cos(θl1,l2−θl′1,l′2)+j sin(θl1,l2−θl′1,l′2)

)

+
∑
l1,l2

∑
l′1,l′2

Al1,l2,l′1,l2′

4
(
cos(θl′1,l′2) + cos(θl1,l2) + 1

)

=
∑
l1,l2

∑
l′1,l′2

′

Al1,l2,l′1,l′2
4

(
cos(Δθl1,l2,l′1,l′2)+j sin(Δθl1,l2,l′1,l′2)

)

+
∑
l1,l2

∑
l′1,l′2

′

Al1,l2,l′1,l′2
4

(
cos(θl′1,l′2) + cos(θl1,l2) + 1

)
,

(40)

where Al1,l2,l′1,l′2 = P− 1
2 Gl1,l2G

H
l′1

′,l′2
P− 1

2 . Note that F̃ F̃ H

is not linear with respect to θl1,l2 . Taking the advantage of
the discrete property of θl1,l2 , we can further transform the
non-linear functions into linear ones.
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With the definitions of xl1,l2 , we have

cos(θl1,l2) = xl1,l2cT , sin(θl1,l2) = xl1,l2sT , (41)

with ‖xl1,l2‖1 = 1. It is also worthwhile to point out that the
value of θl1,l2 only falls in the range [0, 2π), and thus, we have

eT xl1,l2 = 0. (42)

Similarly, according to the definitions of yl1,l2,l1
′,l2′

,
we have

cos(Δθl1,l2,l1′,l2′) = yl1,l2,l1
′,l2′

cT ,

sin(Δθl1,l2,l1′,l2′) = yl1,l2,l1
′,l2′

sT , (43)

with

aT (xl1,l2 − xl1
′,l2′

) = aT yl1,l2,l1
′,l2′

. (44)

With these transformations, F̃ F̃ H is linear with respect to
xl1,l2 and yl1,l2,l1

′,l2′
.

APPENDIX C
PROOF OF PROPOSITION 2

We first prove that when Nt = K , any fully digital
beamforming scheme can be achieved by the RIS-based HBF
scheme if N2

R ≥ KNt holds. We then state that it is not
possible to achieve digital beamforming when Nt < K .
Therefore, Nt ≥ 2K is a sufficient condition.

i) Denote the channel matrix between the RIS and the users
as HFD ∈ K×N2

R . Since Nt = K , the kth column of the digital
beamformer can be expressed by VD,k =

[
0T , vk,k, 0T

]T
,

where vk,k is the kth element of the the kth column in
VD ∈ R

Nt×K . To satisfy HFDVFD = FVD , we have

[. . . , fm,k, . . .]

⎡
⎢⎢⎢⎢⎢⎢⎣

0
...

vk,k

...
0

⎤
⎥⎥⎥⎥⎥⎥⎦ = (HFDVFD)m,k, (45)

i.e.,∑
l1,l2

1
2
φ(k)

[(
j + ejθl1,l2

)
gm,k

l1,l2

]
vk,k = (HFDVFD)m,k, (46)

for all 0 ≤ m, k ≤ K , where fm,k is the element of
matrix F. Note that the term multiplied by vk,k in (46) can
achieve different magnitudes owing to the linear combination
of channel coefficients, which is different from the traditional
HBF [23]. At least one solution can be found for this set of
equations if the number of equations is no smaller than the
number of variables, i.e., N2

R ≥ KNt. This also holds for
Nt > K since we can always use the solution for Nt = K
and set those extra variables to be zero.

ii) We observe that rank (HFDVFD) = K and
rank (FVD) = min {K, Nt}. If Nt < K , then
rank (HFDVFD) > rank (FVD), implying that the RIS-
based HBF cannot implement the fully digital beamforming
scheme. This completes the proof.

APPENDIX D
PROOF OF PROPOSITION 3

Note that each user k goes through different path losses due
to various positions, which naturally varies the corresponding
channel coefficients. Therefore, we only focus on orthogonal-
izing different links from the BS to the same user. Since the
path loss is the same for different links with respect to user
k, we consider the channel response between one BS antenna
n and all RIS elements as

f(n,k) =
[
q0,0e

−j 2π
λ

�
D

(n)
0,0 +d

(k)
0,0

�
, q0,1e

−j 2π
λ

�
D

(n)
0,1 +d

(k)
0,1

�
, · · · ,

qNR−1,NR−1e
−j 2π

λ

�
D

(n)
NR−1,NR−1+d

(k)
NR−1,NR−1

�]
.

(47)

To keep any two different links orthogonal to each other,
the following condition should be satisfied,[

f(na,k)
]H

· f(nb,k) = 0, ∀na �= nb, (48)

where na and nb denote two different transmit antennas.
By substituting (47), (48) can be rewritten by

NR−1∑
l2=0

NR−1∑
l1=0

ql1,l2 · (ql1,l2)
∗
e

j 2π
λ

�
D

(na)
l1,l2

−D
(nb)
l1,l2

�
= 0. (49)

We substitute (1) and (8) into (49) and obtain the following
NR−1∑
l1=0

[
e

j 2π

λD
(0)
0,0

l1d
(1)
R dB(nb−na) cos θR cos θB

]
= 0, (50)

where nb − na ∈ Z. Since this condition should hold for any
two transmit antennas na and nb, we then have (33) based on
the principle of geometric sums.
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